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Abstract. Two 10-dimensional familes of holomorphically symplectic
4-folds are associated to Fano models of Enriques surfaces in P5. The
first one parametrizes the varieties of lines on smooth cubic hypersur-
faces containing 10 mutually intersecting planes. The second one is a
family of double EPW sextics introduced by K. O’Grady. The EPW
sextics are associated to Lagrangian subspaces of the Plu¨cker space of
the Grassmannian G2(P5) spanned by 10 mutually intersecting planes
in P5. Also some results are obtained on the variety of general tens of
mutually intersecting planes, not necessarily associated to Fano models
of Enriques surfaces.
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1. Introduction
In this paper we study several constructions of holomorphic symplectic
4-folds arising naturally from complex Enriques surfaces. One of these con-
structions is of course straightforward: one considers the K3 cover Y of an
Enriques surface S and then takes the Hilbert square Y [2] known to have a
natural structure of a holomorphic symplectic 4-fold. The following two new
constructions are more geometric and interesting. Both of them use a Fano
model of an Enriques surface, a normal surface of degree 10 in P5. A Fano
model of a general Enriques surface comes equipped with ten elliptic pencils
|Fi| of curves of degree 6 with Fi · Fj = 4 for i 6= j. It is known that each
elliptic pencil on an Enriques surface contains 2 double fibers, each is a cubic
curve on the Fano model. A choice of one such fiber in each pencil defines
10 planes Λ1, . . . ,Λ10, the planes spanned by the cubics. Each pair of planes
intersects at a point. This is our starting datum for the new constructions.
We show that, generically (in the sense of moduli of Enriques surfaces
which we will make more precise in the paper), there exists a unique smooth
cubic hypersurface C in P5 which contains these planes. The variety of lines
on a smooth cubic 4-fold is a known example of a holomorphic symplectic
4-fold. This is our first holomorphically symplectic 4-fold associated to the
Fano model of an Enriques surface.
The second new construction is more elaborate. First, we view the 10
planes as a set of 10 points in the Grassmann variety G2(P5) of planes in
P5. In the Plu¨cker embedding G2(P5) ↪→ P(
∧3C6) ∼= P19, we consider 10
vectors ωi ∈
∧3C6 representing these ten planes. The natural symplectic
form on
∧3C6 defined by the wedge product (plus a choice of a volume form
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on C6) allows one to interpret the condition that the ten planes intersect
pairwisely as the condition that the vectors ω1, . . . , ω10 span an isotropic
subspace A. Generically, dimA = 10, that is, A is a Lagrangian subspace.
Now we invoke a recent construction of K. O’Grady of a holomorphic sym-
plectic 4-fold arising from a Lagrangian subspace of
∧3C6. He considers the
locus of vectors v ∈ C6 such that (v ∧∧2C6) ∩A 6= {0}. The image of this
set in P5 is a hypersurface of degree 6, the so-called EPW sextic introduced
by D. Eisenbud, S. Popescu and C. Walter in [16]. O’Grady shows that the
hypersurface admits a double cover ramified along its singular locus, a sur-
face of degree 40, and this double cover has a structure of a holomorphically
symplectic 4-fold. All of this is true under certain assumption of genericity
of a choice of A. In our case, the Lagrangian subspace is certainly very
special. In particular, the associated EPW sextic hypersurface is singular at
additional 10 planes, the ten planes Λi. O’Grady’s double cover X of this
EPW sextic is a singular symplectic variety, and we provide a conjectural
description of its minimal resolution X˜, which is a holomorphically symplec-
tic fourfold. The degree 40 surface part of the singular locus of the EPW
sextic must be birational to an Enriques surface S (not isomorphic to the
original one, in general). The ten planes give rise to 10 divisors on X˜, which
are P1-bundles over some K3-surfaces (in general not isomorphic to the K3
double cover of the Enriques surface S). We show, under the assumption
that our conjectural description is true, that the holomorphically symplectic
fourfold X˜ is not isomorphic to the variety of lines on the cubic 4-fold C,
though the starting data are the same.
There are two main evidences for the conjecture to be true. The first is
an experimental one. We check it, using the Macaulay2 computations that
it is valid for a certain special Enriques surface. More substantial evidence
is a recent construction of A. Ferretti [17] of a 10-dimensional family of
holomorphically symplectic manifolds obtained via deformation of the de-
generate double EPW sextic associated to the Cayley quartic symmetroid
surface, known to be birationally isomorphic to the K3-cover of an Enriques
surface containing a smooth rational curve. Using the Global Torelli Theo-
rem, we check that the two 10-dimensional families are isomorphic.
In the course of our study we came upon the following interesting problem
in projective geometry first considered by Ugo Morin in 1932 [27], [28]. A
median is a linear subspace in P2n+1 of dimension n. What are maximal sets
of medians in which each two medians intersect? Morin was able to classify
such infinite families and he writes in the introduction to his paper [27] that
he did not undertake the classification of finite maximal sets of pairwise
intersecting planes in P5 because of encountering considerable difficulties.1 A
count of constants suggests that the number of planes in such a family should
be 10 and the expected dimension of the variety parametrizing such families
1La classificatione dei sistemi completi formati con un numero finito di piano non e`
stato effettuato, poiche` presentava notevoli complicazioni.
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should be 45. We show that the expected situation is the one happening
in reality for the tens of planes arising from Enriques surfaces as above.
But there are examples showing that in general such estimates are wrong.
The preprint version of this paper that was circulated in 2010 contained
descriptions of Morin infinite complete families and other examples, among
which one example of a maximal family of 13 mutually incident planes in
P5 (Example 6.7). We also reported on this work in several conferences, see
e. g. [7]. Since then there has been a substantial progress about the Morin
Problem, see [35], [18], [25].
We are grateful to K. O’Grady and A. Ferretti for fruitful discussions
about EPW-sextics. D. M. thanks the Department of Mathematics of the
University of Michigan for hospitality and acknowledges the support from
the Labex CEMPI (ANR-11-LABX-0007-01).
2. Fano models of Enriques surfaces
We take for the ground field the filed of complex numbers although many
geometric constructions in the paper are valid for any algebraically closed
field of characteristic 6= 2 or even characteristic free.
2.1. Markings and supermarkings. Let S be an Enriques surface and
Pic(S) its Picard group. It is known that Pic(S) coincides with the Ne´ron-
Severi group and its torsion subgroup is generated by the canonical class KS .
The group of divisor classes modulo the numerical equivalence
Num(S) = Pic(S)/(KS)
is equipped with the symmetric bilinear form defined by the intersection
pairing on the surface. It is a unimodular even quadratic lattice of rank
10 and signature (1, 9). As such it must be isomorphic to the orthogonal
sum E = E8 ⊕ U, where E8 is the unique negative definite unimodualr even
lattice of rank 8 and U is a hyperbolic plane over Z. One can realize E as a
primitive sublattice of the standard odd unimodular hyperbolic lattice
(2.1) Z1,10 = Ze0 + Ze1 + · · ·+ Ze10
where e20 = 1, e
2
i = −1, i > 0 (see [6, Corollary 2.5.2])). The orthogonal
complement of the vector
k10 = −3e0 + e1 + · · ·+ e10.
is isomorphic to E.
The vectors
fi = ei − k10 = 3e0 −
10∑
j=1,j 6=i
ej , i = 1, . . . , 10.
form an isotropic 10-sequence in k⊥10, i.e. an ordered set of 10 isotropic
vectors satisfying fi · fj = 1, i 6= j.
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Adding up the vectors fi, we obtain
f1 + · · ·+ f10 = 3∆,
where
∆ = 10e0 − 3e1 − · · · − 3e10.
Note that one can reconstruct the standard basis in Z1,10 from the isotropic
10-sequence using that
e0 = ∆ + 3k10, ei = fi + k10, i = 1, . . . , 10.
Let W be the group of orthogonal transformations of Z1,10 which leaves
k10 invariant. Restricting isometries from W to isometries of k
⊥
10 defines
an isomorphism from W to a subgroup O(E)′ of index 2 of the orthogonal
group O(E) of the lattice E. We have
O(E) = O(E)′ × {±idE},
where idE is the identity isometry of E.
A basis in E can be defined by the vectors
(2.2) α0 = e0 − e1 − e2 − e3, αi = ei − ei+1, i = 1, . . . , 9.
with the intersection matrix (αi · αj) described by the following Dynkin
diagram
• • • • • • • • •
•
α1 α2 α3 α4 α5 α6 α7 α8 α9
α0
Figure 1. Enriques lattice
The orthogonal summand U of E is spanned by e9 − e10 and
f = 3α0 + 2α1 + 4α2 + 6α3 + 5α4 + 4α5 + 3α6 + 2α7 + 4α8.
Each vector αi defines a reflection isometry
sαi : x 7→ x+ (x,αi)αi
of Z1,10 which leaves k10 invariant. The group O(E)′ is isomorphic to the
Coxeter group with the set of generators sαi . The Dynkin diagram from
above becomes the Coxeter graph of the group.
Let us consider D = E/2E as a vector space over F2 of dimension 10. We
equip D with a quadratic form defined by
q(v + 2E) =
1
2
v2 mod 2.
The quadratic form is even in the sense that its Arf invariant is equal to 0,
or, equivalently, #q−1(0) = 24(25 + 1) = 528.
We have a natural homomorphism of orthogonal groups
W → O(D, q) ∼= O+(10,F2).
Its kernel is denoted by W (2).
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Let
W = DoO(D, q) ∼= F102 oO+(10,F2) := AO+(10,F2),
where the group O(D, q) acts naturally on D. An easy lemma from the
theory of abelian groups tells us that
Aut(E⊕ F2) ∼= Hom(E,F2)oAut(E) ∼= DoAut(E),
where we identify Hom(D,F2) with D by using the symmetric bilinear form
induced by the intersection form on E. It follows that W is equal to the pre-
image of W under the projection homomorphism DoAut(E)→ Aut(E).
The following lemma is obvious.
Lemma 2.1. Let O(Pic(S)) be the group of automorphisms of Pic(S) pre-
serving the intersection form. Then a choice of an isomorphism φ : Num(S) ∼=
E and a splitting s : Num(S)→ Pic(S) defines an isomorphism of groups
O(Pic(S)) ∼= DoO(E),
where O(E) acts on D via its natural action on E/2E.
Let R be a smooth rational curve on X. We will often call it a (−2)-curve
(since, by adjunction formula, R2 = −2). Obviously |R| = {R}, so we can
identify R with its divisor class. Also observe that |R + KS | = ∅ because
|2R| = {2R}. Thus we can also identify R with its numerical class. Each
(−2)-curve defines a “reflection” automorphism of Pic(S)
sR : x 7→ x+ (x ·R)x.
The group generated by such reflections is a subgroup of O(Pic(S)) and,
under natural homomorphism O(Pic(S)) → O(Num(S)), can be identified
with a subgroup of O(Num(S))′. We denote this subgroup by W nodS .
Let Aut(S) be the group of automorphisms of S and
r : Aut(S)→ O(Pic(S)), g → g∗
its natural representation in the orthogonal group of O(Pic(S)). Its kernel
is a finite group (because it preserves an ample line bundle). We denote
by Aut(S)∗ the image of the homomorphism r and by Aut(S)∗∗ its image
in O(Num(S)). The following facts are well-known (see, for example, [11],
[29]).
• Aut(S)∗∗ is contained in O(Num(S))′ ∼= O(E)′;
• Aut(S)∗ ∩W nodS = {1};
• Aut(S)∗ ·W nodS = W nodS oAut(S)∗, where Aut(S)∗ acts on W nodS by
conjugation sR 7→ g ◦ sR ◦ g−1 = sg(R);
• W nodS oAut(S)∗ is a subgroup of finite index in O(Pic(S)).
It is known that, for a general Enriques surface (in the sense of the period
map of its K3-cover), the groups Ker(r) and W nodS are trivial, so the natural
homomorphism Aut(S)∗ → Aut(S)∗∗ is injective. Moreover,
Aut(S) ∼= Aut(S)∗∗ := Ker(O(Num(S))′ → O(Num(S)/2Num(S)).
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Definition 2.2. An isomorphism of lattices φ : E → Num(S) is called a
marking of S. Two markings φ : E → Num(S) and φ′ : E → Num(S) are
called equivalent if there exists σ ∈ O(E) such that φ′ = φ◦σ and φ◦σ◦φ−1 ∈
(W nodS oAut(S)∗∗)×{±idNum(S)}. A supermarking of S is an isomorphism
φ˜ : E⊕F2 → Pic(S) such that its composition with the projection Pic(S)→
Num(S) is a marking E → Num(S). Two supermarkings φ˜ and φ˜′ are
equivalent if there exists σ˜ ∈ O(E⊕F2) such that φ˜′ = φ˜◦ σ˜ and φ˜◦ σ˜◦ φ˜−1 ∈
(W nodS ×Aut(S)∗)× {±idPic(S)}.
It follows from the above that, for a general Enriques surface S, the set
of equivalence classes of markings is a torsor under the group W/W (2) ∼=
O+(10,F2). The set of equivalence classes of supermarkings on S is a torsor
under the group AO+(10,F2).
2.2. Isotropic sequences. Let NE(S) denote the nef cone of S. It is the
subset of NumR(S) = Num(S) ⊗ R of numerical classes of R-divisors D
such that D · C ≥ 0 for any effective divisor C. It is known that NE(S)
is a fundamental domain for the action of W nodS on NumR(S)
+ = {x ∈
NumR(S) : x
2 ≥ 0, x > 0}. This means that, for any effective numerical
class x ∈ NumR(S) with non-negative self-intersection, there exists a unique
w ∈W nodS such that w(x) ∈ NE(S).
Definition 2.3. A nef isotropic c-sequence in Num(S) is an ordered set of
c > 1 isotropic vectors f1, . . . , fc ∈ NE(S)∩Num(S) such that fi ·fj = 1, i 6=
j. A nef isotropic c-sequence in Pic(S) is an ordered set of divisor classes
F1, . . . , Fc such that their numerical classes fi = [Fi] form a nef c-sequence
in Num(S).
The proof of the following proposition can be found in [6], Lemma 3.3.1.
Proposition 2.4. Let (f1, . . . , fk) be an isotropic k-sequence in Num(S) of
effective isotropic classes. There exists a unique w ∈ W nodS such that, after
reindexing, the sequence (f ′1, . . . , f ′k) := (w(f1), . . . , w(fk)) contains a nef
isotropic subsequence f ′i1 , f
′
i2
, . . . , f ′ic with 1 = i1 < i2 < . . . < ic such that,
for any is < i < is+1,
f ′i = f
′
is +Ris,1 + · · ·+Ris,i−is ∈W nodS · fis ,
where Ris,1 + · · ·+Ris,i−is is a nodal cycle of type Ai−is.
Since f ′1, . . . , f ′c are nef, we have f ′i ·Rij ≥ 0. Since f ′i · fj = 1, i 6= j, this
implies that
f ′i ·Rj,a = 0, i 6= j, fi ·Ri,1 = 1, f ′i ·Ri,a = 0, a 6= 1.
An isotropic 10-sequence (f1, . . . , f10) is called canonical if it contains the
nef representatives of its W nodS -orbit. It follows from the previous lemma
that any canonical isotropic 10-sequence looks as follows. There exists a
8 IGOR DOLGACHEV AND DIMITRI MARKUSHEVICH
sequence 1 = i1 < i2 < . . . < ic ≤ 10 such that fi1 , . . . , fic are nef isotropic
vectors and, for any ik < j < ik+1,
(2.3) fj = fik +Rik,1 + · · ·+Rik,j ,
where Rik,1, . . . , Rik,j are (−2)-curves such that
fik ·Rik,1 = 1, fik ·Rik,s = 0, Rik,s−1 ·Rik,s = 1, 1 < s ≤ j,
and Rik,j · Rik′ ,j′ = 0 for k 6= k′. It also follows from the lemma that,
for any isotropic 10-sequence, there exists a unique w ∈ W nodS such that
(w(f1), . . . , w(f10)) is a canonical isotropic 10-sequence.
The number c of nef members in a canonical isotropic 10-sequence is called
the non-degeneracy invariant of the sequence and will be denoted by nd(S).
A canonical isotropic 10-sequence with non-degeneracy invariant 10 is called
non-degenerate. Of course, if S has no smooth rational curves (in this case
S is called unnodal), then any isotropic 10-sequence is non-degenerate.
Note that the nef isotropic elements f1, . . . , fc of a canonical isotropic
10-sequence (f1, · · · , f10) are uniquely determined by the sum f1 + · · ·+f10.
In fact, for any nef isotropic vector f 6∈ {f1, . . . , fc}, we have f · fi ≥ 1, i =
1, . . . , 10, hence f · (f1 + · · ·+ f10) ≥ 10. However for any f ∈ {f1, . . . , fc},
we have f · (f1 + · · ·+ f10) = 9.
Corollary 2.5. There is a bijective correspondence between the following
sets
• equivalence classes of markings of S;
• Aut(S)∗∗-orbits of canonical isotropic 10-sequences.
Also there is a bijective correspondence between the following sets
• equivalence classes of supermarkings of S;
• Aut(S)∗-orbits of ordered sets (F1, . . . , F10) of effective divisor classes
such that their numerical classes define a canonical isotropic 10-
sequence.
Proof. A marking φ : E→ Num(S) defines an isotropic 10-sequence, the im-
age of (f1, . . . , f10). Applying some w ∈ W nodS , we replace this sequence by
a canonical isotropic 10-sequence. Then the marking w ◦φ : E→ Num(S) is
an equivalent marking. The only isometries of E which preserve the equiva-
lence class of the marking φ originate from elements of Aut(S)∗∗. This gives
an injective map from the set of equivalence classes of markings to the set
of Aut(S)∗∗-orbits of canonical isotropic 10-sequences. Conversely, given a
canonical isotropic 10-sequence (f1, . . . , f10) we choose any marking φ : E→
Num(S) and consider an isotropic 10-sequence (φ−1(f1), . . . , φ−1(f10)) in E.
The orthogonal group O(E) acts simply transitively on the set of isotropic
10-sequences. Hence we can find σ ∈ O(E) such that φ′ = φ ◦ σ defines
another marking that sends (f1, . . . , f10) to (f1, . . . , f10). So the map from
the set of equivalence classes of markings to the set of Aut(S)∗∗-orbits of
canonical isotropic 10-sequences is surjective.
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Fix a set of effective representatives (F1, . . . , F10) of a canonical isotropic
10-sequence (f1, . . . , f10). Write the numerical divisor class [D] of a divisor
as a linear combination of the isotropic 10-sequence (f1, . . . , f10). Then the
choice of (F1, . . . , F10) gives a splitting of the canonical surjection Pic(X)→
Num(X). This is our supermarking. The proof of the bijectivity of this
correspondence is similar to the previous one. 
Definition 2.6. The non-degeneracy invariant of a marking or supermark-
ing is the non-degeneracy invariant of the corresponding canonical sequence.
A marking is called non-degenerate if it corresponds to a non-degenerate
canonical sequence.
2.3. Fano polarization. Let (f1, . . . , f10) be a canonical isotropic 10-
sequence and φ : E → Num(S) the corresponding marking. Replacing φ
by an equivalent marking, we may assume that φ(fi) = fi, i = 1, . . . , 10. Let
δ = φ(∆). Then
3δ = f1 + · · ·+ f10.
Write fj as in (2.3). Let x be the numerical class of an irreducible curve C on
S. Obviously x·fj ≥ 0 if x is not equal to any Ri,s. If x = Ri,s for some s 6= a,
then we have x · fj = 0. If x = Ri,a, then x · fj = −1. In this case we can
find fj′ such that fj′ = fj−Ri,a, hence fj′ ·x = fj ·Ri,a−R2i,a = −1+2 = 1.
Thus, we see that (fj + fj′) · x ≥ 0, hence (f1 + · · · + f10) · x ≥ 0. This
shows that δ is the numerical class of a nef divisor. We immediately check
that δ2 = 10. Also, for any nef isotropic vector f we have 3δ · f ≥ 10 if
f 6= fi, i = 1, . . . , 10 and 3δ · f = 9 if f = fi for some i. Thus δ · f ≥ 3 for
any nef isotropic vector f . If f is any isotropic vector, by Riemann-Roch,
f or −f is effective. Thus, the orbit W nodS · f contains a unique class f0 in
NE(X) and we can write f = ±(f0 + R), where R is a sum of (−2)-curves
and f0 is a nef class. Intersecting with δ we find |f · δ| = |(f0 +R) · δ| ≥ 3.
Therefore, we obtain that |δ · f | ≥ 3 for any isotropic vector in Num(S) and
this is a purely lattice-theoretical condition.
Conversely, suppose δ is a nef numerical class such that δ2 = 10 and
δ · f ≥ 3 for any nef isotropic vector f . In [6, Corollary 5.2.7] all the
O(E)-orbits of vectors of square 10 are explicitly listed. One finds that the
only orbit O(E) ·∆ is distinguished by the property that |∆ · f| ≥ 3 for all
isotropic vectors f in E. Thus, if we fix a marking of S, we may assume that
δ corresponds to ∆, and hence we can write 3δ = f1 + · · · + f10 for some
isotropic 10-sequence (f1, . . . , f10). Applying w ∈W nodS we may assume that
it is a canonical sequence. Since δ is nef and the sum f1 + . . . + f10 is nef,
we see that w = 1. Thus (f1, . . . , f10) is already a canonical sequence. This
proves the following.
Theorem 2.7. For any canonical isotropic 10-sequence (f1, . . . , f10) in
Num(S), there exists a unique δ ∈ NE(S) ∩Num(S) such that
(2.4) 3δ = f1 + · · ·+ f10.
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It satisfies
δ2 = 10, δ · f ≥ 3 for any nef isotropic class.
Conversely, any nef δ satisfying this property can be written as in (2.4) for
some canonical isotropic 10-sequence defined uniquely up to permutation.
Note that any isotropic vector in an isotropic 10-sequence is primitive,
i.e. not equal to a multiple of any other vector different from itself or its
negative. This is because f · f ′ = 1 for some f ′ in the sequence. Let f be
a nef primitive isotropic numerical class. Then f = [F ] = [F + KS ], where
F is a nef effective divisor with F 2 = 0. It is well-known from the theory of
Enriques surfaces that |2F | is an elliptic pencil, and F +KS ∼ F ′ for some
other effective divisor with 2F ′ ∈ |2F |. The two divisors F, F ′ are the two
half-fibers of the elliptic fibration. Since |F | = {F}, we will identify F with
its divisor class.
Let ∆ ∈ Pic(S) with δ = [∆] be as in Theorem 2.7. Then ∆ is a nef
effective divisor with ∆2 = 10 and ∆ · F ≥ 3 for any nef effective divisor F
of arithmetic genus 1 on S. By Lemma 4.6.2 from [6], the linear system |∆|
defines a birational morphism
S → S¯ ⊂ |∆|∗ ∼= P5.
The surface S¯ is a normal surface of degree 10 with at most double rational
points as singularities. We call S¯ a Fano model of S and the divisor class ∆
a Fano polarization.
Proposition 2.8. A Fano polarization is ample if and only if the corre-
sponding canonical isotropic 10-sequence consists of nef numerical classes
fi.
Proof. Let 3δ = f1 + · · · + f10. Suppose all fi are nef but δ is not ample,
i.e. there exists a (−2)-curve R such that δ ·R = 0. Intersecting both sides
with R, we obtain R · fi = 0 for all i. However, we know that f1, . . . , f10
generate a non-degenerate Num(S) over Q. This contradiction proves that
δ is ample if all fi are nef. Conversely, assume δ is ample but some fi, say
f1 is not nef. Since (f1, . . . , f10) is canonical, f1 = fi + R, where R is a
chain of (−2)-curves and fi is a nef isotropic vector from the sequence. We
have f1 · R < 0, so that R is a component of R. Again, by definition of a
canonical isotropic sequence, there exists fk such that fk = fj +R for some
nef isotropic vector fj from the sequence. Since fs ·R = 0 for all s 6= j and
fj ·R = 1, we obtain δ ·R = (2fj +R) ·R = 0, contradicting the assumption
that δ is ample. 
Fix an order on {f1, . . . , f10} from (2.4) and fix the equivalence class of a
supermarking of S lifting the marking defined by (f1, . . . , f10). Let c = nd(S)
be the non-degeneracy invariant of (f1, . . . , f10). In the notation of (2.3),
the supermarking defines unique lifts Fi1 , . . . Fic of the nef numerical divisor
classes fi1 , . . . , fic , the unique lifts of the (−2)-curves Rik,j , and a unique
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lift ∆ of the numerical class δ such that
(2.5) 3∆ = F1 + · · ·+ F10,
where, for each k1 < j < ik+1, Fj = Fik + Rik,1 + · · · + Rj−ik . Intersecting
both sides of (2.5) with Fi1 , . . . , Fic , we find that ∆ · Fik = 3, k = 1, . . . , c.
By Riemann-Roch, dim |∆− Fik | = 2, thus the linear system |∆| restricted
to Fik defines a map from Fik to a curve of degree 3 contained in a plane Λk
in |∆|∗ ∼= P5. Observe also that, for k 6= k′, the planes Λk and Λk′ intersect
because Fik · Fik′ = 1. We also see that ∆ · Rik,j = 0 for any ik < j < ik+1
and ∆ · R 6= 0 for any (−2)-curve R not equal to one of the Ri,j ’s. Thus
Rik,1 + · · ·+Rik,ik+1−ik is blown down to a cyclic quotient singularity of type
Aik+1−ik on the Fano model S¯. It lies on the image of the curve Fik .
In particular, we obtain that ∆ is an ample divisor if and only if it is
defined by a non-degenerate isotropic sequence. This gives the following.
Theorem 2.9. Any non-degenerate supermarking on S defines an ample
Fano polarization ∆ and 10 half-fibers Fi of elliptic fibrations such that 3∆ =
F1 + . . . + F10. Under the map S → |∆|∗ defined by the linear system |∆|
the curves Fi are mapped to plane cubics lying in the 10 planes Λ1, . . . ,Λ10
such that Λi ∩ Λj 6= ∅. The sequence (F1, . . . , F10) is uniquely determined
by the equivalence class of the supermarking.
3. The moduli space of marked and supermarked Enriques
surfaces
3.1. Periods of Enriques surfaces. Let us recall the theory of periods of
Enriques surfaces.
Definition 3.1. A marked (resp. supermarked) Enriques surface is an En-
riques surface S together with a marking (resp. supermarking) φ : E →
Num(S) (resp. φ : E⊕ F2 → Pic(S)). Two marked (supermarked) Enriques
surfaces (S, φ) and (S′, φ′) are isomorphic if there exists an isomorphism
f : S → S′ of surfaces such that f∗ ◦ φ′ is a marking (supermarking) on S
equivalent to φ.
The construction of the moduli space of marked Enriques surfaces is well-
known. It is a special case of the construction of the moduli space of lattice
polarized K3 surfaces [9], [12]. Recall that, given an even lattice M of signa-
ture (1, ρ− 1), a M -polarization of a K3 surface Y is a primitive embedding
j : M ↪→ Pic(Y ) such that the image has non-empty intersection with the
closure of the ample cone on Y . If the image contains an ample divisor class,
the polarization is called ample (see more precise definitions in loc. cit.). A
marked Enriques surface S defines a lattice polarization on its K3-cover Y
with M = E(2).2 This polarization agrees with a marking φ : E→ Num(S)
2Here, for any quadratic lattice M and an integer k, M(k) denotes the lattice M with
the quadratic form multiplied by k.
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of the Enriques surface in the sense that the following diagram is commuta-
tive
E(2)
j // Pic(Y )
E
φ //
OO
Num(S)
pi∗
OO
Here the left arrow is the identity isomorphism of abelian groups. We can
also give a K3 interpretation of a supermarking of the Enriques surface.
Let (F1, . . . , F10) be the lifts of a canonical isotropic sequence (f1, . . . , f10).
The pre-image F¯ki of any nef Fki in the K3-cover Y is the class of a fiber
of an elliptic fibration on Y for which F¯i is one of the two fibers which
are invariant with respect to the covering involution. The pre-image of any
Fki−1 is the sum of F¯ki−1 and the disjoint union of two chains of rational
curves of length ki − ki−1 − 1. We choose one of the chains. These choices
define a supermarking of the K3-cover.
We will consider E(2)-polarized K3 surfaces Y without assuming that they
arise from K3-covers of marked Enriques surfaces. Let LK3 = E
⊕2
8 ⊕U⊕3 be
the K3 lattice, isomorphic to H2(Y,Z). We consider E(2) as a sublattice of
LK3 via the embedding
E(2) = E8(2)⊕ U(2) ↪→ E⊕28 ⊕ U⊕3, (x, y) 7→ (x, x, y, y, 0).
The orthogonal complement E(2)⊥ can be identified with the lattice T =
E(2)⊕ U embedded into LK3 via (x, y, z) 7→ (−x, x,−y, y, z).
Choose an isomorphism of lattices ψ : LK3 → H2(Y,Z) (a marking of Y )
such that ψ|E(2) = j. Let
D = {Cv ∈ P(TC) : v2 = 0, v · v¯ > 0}.
It is a disjoint union of two copies of a hermitian symmetric domain of
orthogonal type of dimension 10. Assign to (Y, ψ) a point pY,φ in D equal
to ψ−1(H2,0(Y )). Since ψ(E(2)) ⊂ Pic(Y ), we have H2,0(Y ) ⊂ Pic(Y )⊥ so
ψ−1(H2,0) ∈ TC and the point pY,ψ is well defined. This is the period point
of (Y, ψ).
For any vector δ ∈ T let Hδ denote the intersection of D with the hyper-
plane P(δ⊥). Let
∆−2 =
⋃
δ∈T−2
Hδ,
where for any lattice M and any integer k we denote by Mk the set of vectors
of square k.
We have the following Global Torelli Theorem. This is one of its equivalent
statements from [12], Thm. 10.1.
Theorem 3.2. (i) The polarization j : E(2) → Pic(Y ) is ample if and
only if for any choice of a marking ψ the period point pY,ψ does not
belong to ∆−2.
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(ii) If (Y, ψ) and (Y ′, ψ′) are two marked E(2)-polarized K3 surfaces, then
pY,ψ = pY,ψ′ if and only if there exists an isomorphism g : Y → Y ′
such that ψ = g∗ ◦ψ′ ◦ s, where s is a product of reflections rδ : x 7→
x+ (x · δ)δ with respect to vectors δ ∈ T−2 such that pY,ψ′ ∈ Hδ.
(iii) Any point in D is realized as the period point of some (Y, ψ).
For any non-degenerate quadratic latticeM the finite abelian group AM =
M∨/M is called the discriminant group. If is equipped with a bilinear form
with values in Q/Z, defined by
bM : (x+M,y +M) 7→ x · y mod Z.
If, moreover, M is even, then bM admits a refinement, which is a quadratic
form with values in Q/2Z:
qM : x+M 7→ (x+M)2 := x2 ∈ Q/2Z,
where x2 is the value of the quadratic form on M extended by linearity to a
quadratic form M∨ ⊂M ⊗Q. Assume that M is a primitive sublattice of a
unimodular lattice L and let N = M⊥ be its orthogonal complement in L.
Then, identifying L with L∨, we have canonical isomorphisms
L/(M ⊕N)→M∨/M, L/(M ⊕N)→ N∨/N,
obtained by restriction homomorphisms L∨ → M∨ and L∨ → N∨. These
canonical isomorphisms define an isomorphism of discriminant groups
h : AN → AM .
Under this isomorphism, their bilinear (or quadratic) forms become opposite
to each other. The orthogonal group of a lattice acts naturally on the dual
lattice and, in this way we obtain canonical homomorphisms
rM : O(M)→ O(AM ), rN : O(N)→ O(AN ).
A pair (σ, τ) ∈ O(M)×O(N) can be lifted to an isometry of L if and only
if rM (σ) = h ◦ rN (τ) ◦ h−1.
Let us apply this to our case when L = LK3,M = E(2) and N = T. Let
(3.1) Γ = {(σ, τ) ∈ O(E(2))×O(T) : ∃ a lifting to O(LK3)} ⊂ O(LK3).
We have
Γ = (rE(2) × rT)−1(H),
where H = {(α, h ◦ α ◦ h−1) ∈ O(AM ) × O(AN )}. One can show (see [32])
that both rE(2), and rT are surjective homomorphisms. This gives an exact
sequence of groups
1→ Γ′ → Γ→ O+(10,F2)→ 1.
Two different markings ψ,ψ′ : LK3 → H2(Y,Z) of E(2)-polarized K3-
surfaces differ by an isometry α of LK3 which preserves the fixed sublat-
tice E(2) ⊕ U and its orthogonal decomposition. Thus α arises from a
pair (σ, τ) ∈ Γ. Also we want to fix the isomorphism class of the E(2)-
polarization, since in the case when Y is the K3-cover of an Enriques surface
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S this should correspond to fixing the isomorphism class of a marking of S.
Assume that ψ,ψ′ are markings of S with ample E(2)-polarization, i.e. the
period points pS,ψ, pS,ψ′ do not belong to ∆−2. Suppose ψ′ = ψ ◦ γ, where
γ = (σ, τ) ∈ Γ′. Then γ0 = (σ, idT) ∈ Γ and satisfies γ0(pY,ψ) = γ0(pY,ψ′).
Since φ(E(2)) contains an ample divisor, by the Global Torelli Theorem,
γ0 = g
∗ for some g ∈ Aut(Y ), hence σ changes the E(2)-polarization of Y to
an isomorphic polarization. Let Γ∗ be the image of Γ′ in O(T). One intro-
duces the notion of a family pi : Y → T of lattice polarized K3 surfaces, and
shows that there is a period map T → D/Γ∗. This allows one to consider
D/Γ∗ as the coarse moduli space of E(2)-polarized K3 surfaces and its open
Zariski subspace (D \∆−2)/Γ∗ as the moduli space of ample E(2)-polarized
K3 surfaces.
Let (Y, ψ) be an ample E(2)-polarized K3 surface. Then the involution
(idE(2),−idT) lifts to an involution ι of LK3. Under any marking ψ it restricts
as the identity on j(E(2)) and the minus identity on j(E(2))⊥. The Global
Torelli Theorem implies that ψ and ψ ◦ ι differ by g∗0 for some involution
g0 of Y . Since the trace of g
∗
0 on H
2(Y,Z) is equal to the trace of ι on
LK3, and hence is equal to −2, the topological Lefschetz fixed-point formula
shows that the topological Euler characteristic of the fixed-point locus of
g0 is equal to zero. Also one can apply the holomorphic Lefschetz formula.
Since g0 acts on H
2,0(Y ) as the minus identity, the holomorphic Lefschetz
number is equal to 0, and hence the number of isolated fixed points of g0
is equal to zero (on a K3-surface the contribution to the Lefschetz number
from one-dimensional components of the fixed locus is equal to zero). So
this leaves us only with possibility that the fixed locus of g0 consists of the
union of disjoint elliptic curves. In this case the quotient Z = Y/(g0) is a
smooth rational surface with the topological Euler characteristic equal to 12.
The canonical class formula shows that K2Z = 0 contradicting the Noether
formula. Thus we conclude that g0 has no fixed points and hence Y/(g0) is
an Enriques surface S. It comes with a marking φ : E → Num(S) which
descends from the lattice polarization j : E(2) → Pic(Y ). In this way we
obtain
Corollary 3.3. The coarse moduli space MmEn of marked Enriques surfaces
exists and is isomorphic to the coarse moduli space of ample E(2)-polarized
K3 surfaces. We have
MmEn ∼= Do/Γ∗,
where
Do = D \∆−2.
The moduli space MmEn is an irreducible quasi-projective variety.
The fact that the orbit space is a quasi-projective algebraic variety is well-
known. The irreducibility follows from the fact that the lattice T contains
the sublattice U as its orthogonal summand, hence the group Γ∗ contains an
element which switches the two connected components of D ([9], Proposition
5.6).
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The quotient group G = Γ/Γ′ ∼= O+(10,F2) acts on D/Γ∗ by changing
the markings. The quotient
Do/Γ ∼= Do/O(T) ∼=MmEn/G
should be taken as the coarse moduli space of Enriques surfaces.
Recall that we can identify the group W (2) with the subgroup O(E(2))∗ of
O(E(2)) that consists of isometries acting identically on AE(2). By lifting the
pairs (σ, idT) to isometries of LK3, we may identify W (2) with a subgroup of
O(LK3) that acts identically on T. If j
−1◦σ◦j leaves invariant the pre-image
of an ample divisor class on Y , then j−1 ◦σ ◦ j = g∗ for some automorphism
of Y . Since g∗ commutes with g∗0, we obtain that g commutes with g0 and
descends to a unique automorphism of S. This gives the following result
from [1], [31].
Corollary 3.4. The group Aut(S)∗∗ contains the group O!(S)(2) of ele-
ments σ of O(Num(S))′(2) such that σ∗(x) is ample for some ample class
x. In particular, when W nodS = {1}, Aut(S)∗∗ contains O!(S)(2) ∼= W (2).
Note that the elements of the group O!(S) lift to automorphisms of the
K3-cover Y that act identically on pi∗(Num(S))⊥ = TY . The group Aut(S)
lifts to the subgroup of Aut(Y ) which leaves TY invariant. The real qua-
dratic space (TY )R is of signature (2, 10), and the complex structure on Y
determines a positive definite plane in (TY )R spanned by the real and imagi-
nary parts of a non-zero holomorphic 2-form ω on Y . Since Aut(Y ) preserves
this plane, its image in O(TY ) is a finite group. This implies that O
!(S)(2)
is a subgroup of finite index in Aut(S)∗∗. It is easy to see that O!(S)(2) is
a normal subgroup.
Let MEn,h be the coarse moduli space of pairs (S, h), where S is an
Enriques surface and h is an ample divisor class on S in the fixed orbit of
[h] ∈ Num(S). It exists by [41, Theorem 1.3]. The map (S, h)→ (S, h+KS)
defines an e´tale holomorphic to a quotient ofMamEn by a certain finite group
which we take as the moduli space of numerically polarized Enriques surfaces
and denote by MamEn,[h] (see [22]).
3.2. Moduli space of supermarked Enriques surfaces. Now it is time
to discuss a construction of the coarse moduli space of supermarked Enriques
surfaces. Recall, by Theorem 2.7, a marking φ : E→ Num(S) is defined by
a choice of an ordered canonical isotropic sequence (f1, . . . , f10 which in
its turn defines a Fano numerical polarization δ = 13(f1 + · · · + f10). By
Proposition 2.8, the polarization is ample if and only if (f1, . . . , f10) consists
of nef divisor represented by a pair of half-fibers Fi, F
′
i . We call such a
marking an ample marking. Let Ea,m denotes the open substack of Enriques
surfaces with an ample marking. Its coarse moduli space is an open subspace
ofMmEn. It contains the open subspace of marked unnodal Enriques surfaces.
For any flat family σ : X → T of Enriques surfaces let PX/T = R1σ∗Gm
be the relative Picard sheaf and PτX/T the quotient sheaf modulo numerical
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equivalence. A marking of the family is an isomorphism ET → PτX/T of
sheaves equipped with the structure of sheaves of quadratic lattices. Here
ET denotes the constant sheaf associated with the quadratic lattice E. A
supermarking of a family is an isomorphism of abelian sheaves (E⊕F2)T →
PX/T such that the induced isomorphism ET → PτX/T is a marking.
We denote by Ea,m the stack of marked Enriques surfaces with ample
polarization. It is an open substack of the stack Em of marked Enriques
surfaces. It is isomorphic to an open substack of the stack of E-polarized
K3-surfaces discussed in [2]. Each family X → T of amply marked En-
riques surfaces carries a local coefficient system LX/T on T defined by the
sheaf of homomorphisms ET → PX/T whose composition with the projec-
tion PX/T → PτX/T is the marking of the family. The local coefficient system
LX/T is locally isomorphic (in e`tale topology) to the constant sheaf DT . Let
T˜ → T be the e´tale Galois cover defined by this local coefficient system. The
pre-image of the family X → T to T˜ defines a family of supermarked En-
riques surfaces. The local coefficient systems LX/T define a local coefficient
system on the stack Em, the corresponding e´tale cover is the stack Esm of
amply supermarked Enriques surfaces.
Let MEn,∆ → MEn,δ be the degree 2 cover from the space of amply
Fano polarized Enriques surface to the moduli space of numerically Fano
polarized Enriques surface. As we observe in the previous section, the latter
space is a quotient ofMa,mEn by a finite group (isomorphic to S10). After the
base change we obtain an e´tale double cover M˜amEn →Ma,mEn . The group D
acts naturally on the stack Esm and we may view Ea,m as the the quotient
stack of Esm (see [38] for the definitions of the group actions on stacks and
their quotients). Let D′ be its subgroup of index 2 equal to the kernel
of the homomorphism D → F2, (ε1, . . . , ε10) →
∑10
i=1 εi. The quotient by
D′ is isomorphic to a degree 2 cover of Ea,m whose coarse moduli space
parameterizes the isomorphism classes of Picard marked surfaces.
Theorem 3.5. The stack Esm is a smooth and irreducible algebraic stack.
Its moduli space MsmEn is isomorphic to a D-Galois cover of Ma,mEn .
Proof. It is proven in [2] that Em is a smooth and irreducible stack with
the moduli space isomorphic to Do/Γ∗. It is an algebraic stack because
the group of automorphisms acting trivially on Num(S) is a finite group.
Since we know that Esm is an e´tale cover of Em, it suffices to show that
the stack Esm is connected. To do this, we consider the restriction of the
map Esm → Ea,m over the open subset UReye of MsmEn parameterizing amply
marked Enriques surfaces with Fano-Reye polarization, i.e. Fano numerical
polarizations δ that can be lifted to a polarization ∆ that maps S into a
quadric in P5 (the adjoint polarization does not have this property). We
refer for the details to the next section. We will prove in Section 5.5 that
over this subset the cover is irreducible. It is known that the space MaEn,∆
of amply Fano polarized Enriques surface is irreducible [40] (although this
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fact is not explicitly stated in loc.cit. it follows from Proposition 1.1 and
Proposition 2.1). It remains to prove that the restriction of the quotient
map MsmEn → MEn,∆ is a Galois cover with the group D′. This will be
proved in Section 5.5. For the convenience of reading the proof we include
the following diagram
(3.2) MsmEn
/D
ww
/D′
''
Ma,mEn
/S10

M˜a,mEn2:1oo
/S10

MaEn,δ MaEn,∆2:1oo
URey,δ = URey,∆
4 T
gg
* 

77

Remark 3.6. It follows from [36, Theorem 11.1.2] that the coarse moduli
space for the stack Esm exists as a complex analytic space. It is natural to
expect that it is isomorphic to the quotient of an open subset of the period
domain for a normal subgroup of the monodromy group Γ∗ from Corollary
3.3 with quotient group isomorphic to D ∼= F102 . According to R. Borcherds,
Γ∗ contains such a subgroup. Let us explain his construction.
We have
T/2T∗ ∼= (E(2)⊕ U(2)⊕ U)/(2E8(2)∗ ⊕ 2U(2)∗ ⊕ 2U∗) ∼= U/2U ∼= F22.
Let f, g be the standard isotropic generators of U and f¯ , g¯ be their cosets in
U/2U. The subgroup Γ∗ of O(T) in its natural action on T/2T∗ leaves the
vector η = f¯+ g¯ invariant (since it is the only vector of square 2 mod 4 in F22
with quadratic form inherited from U). Let K be the quotient F22/F2η ∼= F2.
Define a map from Γ∗ to Hom(T∗/T,K) ∼= F102 as follows. The image of
g ∈ Γ∗ is equal to the linear function l(w + T∗) = g(w)− w mod F2η. One
can show that the images of reflections in vectors of square 2 are nonzero,
and generate Hom(T∗/T,K) ∼= F102 . One can hope that the quotient space
D0/Γ∗ is the moduli space of the stack Esm.
4. Reye congruences
4.1. Nodal Enriques surfaces. An Enriques surface is said to be nodal if
it contains a smooth rational curve, otherwise it is called unnodal. Let us
see that being nodal is a divisorial condition in the moduli space.
Let
(4.1) T′−4 = {δ ∈ T−4 : ∃ δ′ ∈ E(2)−4 such that (δ + δ′)/2 ∈ LK3},
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Let
∆−4 =
⋃
δ∈T′−4
Hδ.
Suppose S contains a (−2)-curve R. Its pre-image on Y splits into the
disjoint sum of two (−2)-curves R+ and R−. Choose a marking ψ of a E(2)-
polarized K3 surface Y and let δ = ψ−1(R+−R−), δ′ = ψ−1(R++R−). Then
δ ∈ T−4 and δ + δ′ = 2ψ−1(R+). This shows that δ ∈ T′−4. Since R+ ±R−
are algebraic cycles, pX,ψ ∈ Hδ. Conversely, suppose pY,ψ ∈ Hδ for some
δ ∈ T′−4. Then we find δ′ ∈ E(2)−4 such that r = (δ + δ′)/2 ∈ LK3. Since
pY,ψ ∈ Hδ ∩ Hδ′ , we obtain that ψ(r) ∈ Pic(Y ). Since r2 = −2, replacing
r by −r, if needed, we may assume that ψ(r) is an effective divisor. Thus
ψ(r)+g∗0(ψ(r)) is a g∗0-invariant effective divisor in Pic(Y ) and hence is equal
to pi∗(D) for some effective divisorD ∈ Pic(S). Since ψ(r)+g∗0(ψ(r)) = ψ(δ′)
has square −4, we obtain that D2 = −2, hence some of its irreducible
component must be a (−2)-curve.
This gives
Theorem 4.1. An Enriques surface S has a smooth rational curve if and
only if its K3-cover Y has a period point in ∆−4.
Let Mm,unEn be the coarse moduli space of marked unnodal Enriques sur-
faces.
Corollary 4.2.
Mm,unEn ∼=
(D \ (∆−4 ∪∆−2))/Γ∗.
A Fano polarization ∆ is called a Reye polarization if the image of the
map φ∆ : S → P5 lies on a nonsingular quadric. Recall that a nonsingular
quadric has two families of planes, two planes intersecting at one point must
belong to the same family. This implies that all 20 planes Λi,Λ−i intersect
and hence |∆−Fi−F−i| = |∆−2Fi+KS | 6= ∅. Since (∆−Fi−F−i)2 = −2,
we see that S must be a nodal surface. The converse is also true [8, Theorem
1].
Theorem 4.3. Suppose ∆ is a Fano polarization such that there exists a
half-fiber F of an elliptic fibration such that |∆ − 2F + KS | 6= ∅. Then
there exists a rank 2 vector bundle E on S with c1(E) = [∆], c2 = 10 and
h0(E) = 4 such that the evaluation map S → Ker(evx : H0(S,E) → Ex)
defines an embedding of S into the Grassmann quadric G(2, H0(E)) ⊂ P5.
The image is a smooth congruence of lines of order 7 and class 3.
Recall that the cohomology class of a smooth surface X in a Grassmann
variety G(2, 4) = G1(P3) is defined by two numbers (m,n):the order and the
class. The order is the number of points in X that correspond to lines in
P3 containing a general point in P3. The class is the number of points in X
represented by lines in a general plane in P3.
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One can show that the condition of the theorem is always satisfied if S is
a nodal Enriques surface which is general with this property. The meaning
of this can be made very precise (see [15, Chapter 8]).
Definition 4.4. An Enriques nodal surface is called a general nodal surface
if one of the the following equivalent conditions is satisfied.
(a) Any genus one fibration on S contains at most one reducible fiber
that consists of two irreducible components. A half-fiber is irre-
ducible.
(b) Any genus one fibration on S contains at most one reducible fiber
that consists of two irreducible components.
(c) For any Fano polarization h, the set Πh = {R ∈ RS : R · h ≤ 4}
consists of one element.
(d) For any d ≤ 4, S admits a Fano polarization h such that Πh = {R},
where R · h = d.
(e) A genus one pencil that admits a smooth rational curve as a 2-section
does not contain reducible fibres.
A smooth congruence with (m,n) = (7, 3) is called a Reye congruence. It
is constructed as follows (see [5], [15, Chapter 8], or [13, 1.1.7]). Let W be
a 3-dimensional linear system (a web) of quadrics in P3 . Via polarization,
it defines a 3-dimensional linear system W p of symmetric divisors of type
(1, 1) on P3 × P3. We say that W is a regular web of quadrics if the base
locus PB(W ) of W p is smooth. By adjunction formula, PB(W ) is a K3
surface. One can show that the regularity assumption implies the following
good properties of W :
(i) The base locus of W is empty.
(ii) The involution automorphism τ ∈ Aut(P3 × P3) that switches the
factors has no fixed points on PB(W ).
(iii) The image St(W ) of PB(W ) under the projection to any factor is a
quartic surface with at most nodes as singularities. It is the Steine-
rian surface (or the Jacobian surface) of W , the locus of singular
points of singular quadrics in W .
(iv) The discriminant surface DW of W parametrizing singular quadrics
in W is an irreducible quartic surface with 10 nodes corresponding
to rank 2 quadrics in W .
(v) The surface D˜W = {(Q, x) ∈ W × P3 : x ∈ Sing (Q)} is smooth
and the projection to the first factor defines a minimal resolution of
singularities of the surface St(W ).
It follows from property (ii) that the quotient SW of PB(W ) by the
involution τ is an Enriques surface and PB(W ) is its K3 cover. Let
P3 = P(V4), so that W p = P(L), where L is a 4-dimensional subspace in
V ∨4 ⊗ V ∨4 = H0(P3 × P3,OP3(1, 1)). Let
(4.2) V ∨4 ⊗ V ∨4 = S2V ∨4 ⊕
2∧
V ∨4 .
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The linear system |∧2 V ∨4 | restricted to PB(W ) defines a morphism
pi : PB(W )→ P(
2∧
V4)
which factors through SW . The image Rey(W ) of this morphism is an
Enriques surface isomorphic to a Reye congruence. More explicitly, the
morphism assigns to a point (x, y) ∈ P3 × P3 \∆ the line 〈x, y〉 in P3. The
line 〈x, y〉 is a Reye line of W , a line contained in a subpencil of W . In fact,
if we denote by bq the symmetric bilinear form associated to q ∈ L, then the
formula bq(x
∗, y∗) = −q(x∗) − q(y∗) + q(x∗ + y∗), where the star denotes a
lift of a point to a vector in V4, shows that we have only two conditions for
a quadric Q ∈W to contain the line 〈x, y〉.
In fact, Rey(W ) is a Fano model of the Enriques surface Y/(τ). Let us
see geometrically the corresponding Fano polarization ∆ and a sequence of
10 half-fibers (F1, . . . , F10) satisfying (2.5).
Consider the surface D˜Wdefined in (v). Let p1, p2 be the projections to
the first and the second factor, respectively. One can consider D˜W as the
graph of the rational map
(4.3) DW 99K St(W ), Q 7→ Sing (Q),
(classically known as the Steinerian map). The projection p2 is not an
isomorphism in general. Its fiber over a point x is isomorphic, under the
first projection, to the pencil of quadrics in W with singular point at x. The
projection is an isomorphism if and only if the determinantal surface DW
does not contain lines. A regular web with this property is called excellent.
Both D˜W and PB(W ) are smooth surfaces birationally isomorphic to the
same quartic surface DW (or St(W )). The surface D˜W which we will identify
with PB(W ), contains two natural divisor classes
ηH = c1(p
∗
1ODW (1)), ηS = c1(p∗2OSW (1)).
Let Θi, i = 1, . . . , 10, be the divisor classes of fibers of p1 over the ten nodes.
These are (−2)-curves on PB(W ). We have a fundamental relation
(4.4) |2ηS | = |3ηH −Θ1 − · · · −Θ10|
expressing the fact that DW is given by the symmetric determinant (see [13],
Proposition 4.2.5).
The linear system in the right-hand side can be naturally identified with
the linear system of polar cubics of the determinantal surface DW . The
linear system in the left-hand side can be identified with the linear system
of quadrics in P3 = P(V4). Under the identification of these linear systems
via (4.4), the intersection of a polar hypersurface with DW is mapped under
the Steinerian map (4.3) to the intersection of the corresponding quadric
with St(W ).
The assumption that S is a general nodal surface implies that the web W
is an excellent web, i.e. the surface St(W ) is smooth.
LAGRANGIAN TENS AND ENRIQUES SURFACES 21
Let
Fi = ηS −Θi, i = 1, . . . , 10.
We have
η2H = η
2
S = 4,(4.5)
ηH · ηS = 6,
ηH ·Θi = 0, ηS ·Θi = 1,
Θi ·Θj = 0, i 6= j,
ηS · Fi = 3, ηH · Fi = 6,
Fi · Fj = 2, i 6= j, F 2i = 0,
Fi ·Θj = 1, i 6= j, Fi ·Θi = 3.
We omit a rather straightforward proof of the following theorem.
Theorem 4.5. Let η = ηS + τ
∗(ηS). Then η = pi∗(∆), where ∆ is a
hyperplane section of Rey(W ) in its Plu¨cker embedding. The divisors Fi are
nef divisors on Y and |Fi| is an elliptic pencil on Y with |Fi| = |τ∗(Fi)|.
We have Fi + τ(Fi) = pi
∗(Ei) for some elliptic pencil |2Ei| on Rey(W )
and fi = [Ei], i = 1, . . . , 10, form a non-degenerate canonical isotropic 10-
sequence such that
3[∆] = f1 + . . .+ f10.
The curves Ri = pi(Θi + Zi) on Rey(W ) are curves of degree 4 such that
Ri · Ej = 1, j 6= i, Ri · Ei = 3.
Consider the Hesse quartic surface DW . It is classically called a quar-
tic symmetroid. Among all normal quartic surfaces with 10 nodes, quartic
symmetroids are distinguished by the following property discovered by A.
Cayley (see [5]):
• The projection from any node defines a double cover of P2 branched
along the union of two cubic curves everywhere tangent to the same
conic.
Equivalently, we can phrase this property by saying that the enveloping
cone at each node splits into the union of two cubic cones. If we choose
coordinates such that the node is (1, 0, 0, 0), then we can write the equation
of the quartic in the form
F = x20F2(x1, x2, x3) + 2x0F3(x1, x2, x3) + F4(x1, x2, x3) = 0.
The enveloping cone has the equation
F3(x1, x2, x3)
2 − F2(x1, x2, x3)F4(x1, x2, x3) = 0.
It is known that the enveloping cone at a point q = (a0, . . . , an) of a hy-
persurface V (F ) ⊂ Pn is equal to the union of lines which are tangent to
the hypersurface outside q. The tangency points belong to the intersection
V (F ) ∩ V (Pa(F )), where Pa(F ) =
∑
ai
∂F
∂xi
= 0 is the equation of the first
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polar of V (F ) with respect to the point a (see [13, 1.1]). Under the funda-
mental relation (4.4), the image under the Steinerian map of the intersection
of the first polar with respect to a node on the symmetroid DW is cut out on
St(W ) by a quadric. Thus we obtain 10 quadrics Qi such that Qi ∩ St(W )
consists of the union of two curves isomorphic to plane cubic curves and
the singular line of Qi taken with multiplicity 2. These quadrics are the 10
reducible quadrics in the web W . A plane component cuts out on St(W ) the
union of a cubic Fi and Θi. The other plane component cuts out F
′
i = τ(Fi)
and Θi. This explains relations (4.5).
Thus W defines 20 planes Πi,Π−i, i = 1, . . . , 10, in P(L) such that the re-
ducible quadric Πi∪Π−i belongs toW as well as 20 planes Λi,Λ−i in P(
∧2 V4)
that span the images of the curves Fi under the map SW → G(2,
∧2 V4) given
by the linear system |∆|, where ∆ is a Reye polarization. The dual Λ⊥α of
this plane in P(
∧2 V ∨4 ) is the plane |∆− Λi| ⊂ |∆| = P(∧2 V ∨4 ).
4.2. The bitangent surface. Let Bit(DW ) ⊂ G1(W ) be the closure of the
locus of lines in P3 which are tangent to DW at two points (bitangents of
DW ). The proof of the following theorem can be found in [15, Chapter8].
Theorem 4.6. The bi-degree of the congruence Bit(DW ) is equal to (12, 28),
in particular, it is a surface of degree 40 in the Plu¨cker space P5. It has 45
singular points corresponding to lines 〈yi, yj〉 through two singular points
of DW . Its singular locus consists of 10 pairs of plane cubic curves Bi, B
′
i
representing the generators of the enveloping cone of DW at one of the 10
nodes. The union Bi ∪ B′i is equal to the intersection of Bit(DW ) with the
plane of lines through the node yi. Two cubics Bi and B
′
i intersect at 9
points corresponding to the lines `ij = 〈yi, yj〉, j 6= i. Two cubics from
different pairs (Bi, B
′
i) and (Bj , B
′
j) intersect at one point `ij. Under the
normalization map ν : Bit(DW )
′ → Bit(DW ) the map ν : ν∗(Bi)→ Bi is an
unramified map of degree 2 (same for B′i). The pre-image of `ij consists of
4 points.
Let us add that the normalization map
(4.6) ν : Rey(W )→ Bit(DW )
is a map x given by a linear subsystem in |ORey(W )(2)|. To see this, we may
assume that W = P(E) is spanned by 4 quadrics Qi which we represent
by symmetric matrices Ai. Take a Reye line ` represented by 2 points
([v], [w]) ∈ X ⊂ P3 × P3. Consider the evaluation map
E ∼= C4 → C3, A 7→ (vAv,wAw, vAw).
Its kernel consists of quadrics containing `. Since ` is a Reye line, we have
vAw = 0, hence the evaluation map is C4 → C2, and its kernel is the pencil
of quadrics containing `. The Plu¨cker coordinates of the pencil are equal to
the maximal minors of the matrix(
vA1v vA2v vA3v vA4v
wA1w wA2w wA3w wA4w
)
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It is easy to see that they are expressed by quadratic polynomials in Plu¨cker
coordinates of `.
4.3. Cayley models. Consider the decomposition (4.2). The linear space
|S2V ∨4 | defines a morphism
φ : P(V4)× P(V4)→ P(S2V4)
which factors through a closed embedding
P(V4)× P(V4)/(τ) ↪→ P(S2V4).
This map assigns to a point (x, y) the reducible quadric x · y, where x, y are
considered as hyperplanes in V ∨4 . Restricting this map to PB(W ), we get
the embedding of SW = PB(W )/(τ) into P(S2V4). By definition of the map
given by the linear system, the image of (x, y) under φ is the hyperplane
of quadrics vanishing, after polarization, at the point (x, y). Under the
natural identification S2V4 = S
2(V ∨4 )∨, the zero set of a reducible quadric
q = x · y ∈ S2V4 on V ∨4 consists of quadrics on V4 which vanish, after
polarization, on (x, y). This shows that the image of (x, y) ∈ PB(W ) consists
of a quadric in P(L⊥), where L⊥ is the set of quadratic forms in V ∨4 which
vanish on quadratic forms from L (the corresponding quadrics in P(V ∨4 ) are
called apolar quadrics to quadrics in P(V4)). The subspace L⊥ of S2V4 can
be identified with the dual of the space S2V ∨4 /L. Thus we obtain a closed
embedding
ιc : SW ↪→ P(L⊥) ∼= P5.
The image Ca(W ) is called the Cayley model of the Enriques surface SW .
It is contained in the 5-dimensional subspace P(L⊥) ⊂ P(S2V4), the space
of quadrics in the dual projective space P(V ∨4 ) which are apolar to quadrics
from W . We can view Ca(W ) as the intersection
Ca(W ) = φ(P(V4)× P(V4)) ∩ P(L⊥).
Since φ(P(V4)× P(V4)) is the locus of reducible quadrics in P(S2V4), we see
that the Cayley model Ca(W ) is equal to the locus of reducible quadrics in
P(L⊥).
Proposition 4.7. Let |∆r| be the linear system defining the Reye model of
SW . Then the Cayley model of SW is defined by the adjoint linear system
|∆c| := |∆r +KSW |.
Proof. Recall that the two embeddings of SW into P(
∧2 V4) and into P(L⊥)
are defined by the projection of the image of PB(W ) in P(V4⊗ V4) given by
the restriction of the Segre map P(V4)× P(V4) ↪→ P(V4 ⊗ V4). By Theorem
4.5, the latter map is given by the linear system pi∗(∆r) = ηS +τ∗(ηS). This
implies that pi∗(∆c) = pi∗(∆r), hence ∆c = ∆r +KSW . 
Since ∆r is an ample Fano polarization of the Enriques surface SW , we see
that ∆c is also an ample Fano polarization. Thus the Cayley model Ca(W )
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must contain 20 plane cubics that span 20 planes Λc±i, the same cubics which
we find for the Reye model Rey(W ). Let is identify them explicitly.
For any point η ∈ P(V ∨4 ), let P5η denote the 5-dimensional projective space
of quadrics in P(V ∨4 ) that have singular point at η. By projecting from η
we can identify this space with the space of conics in any plane that does
not contain η. The subvariety of singular conics is a cubic hypersurface in
the space of conics. Thus we obtain that P5η ∩ φ(P(V4) × P(V4)) is a cubic
hypersurface C3(η) in P5η. This implies that
Ca(W ) ∩ C3(η) = φ(PB(W )) ∩ C3(η) = P5η ∩ C3(η) = P5η ∩ P(L⊥) ∩ C3(η).
For a general η, dimP5η ∩ P(L⊥) = 1, so that Ca(W ) ∩ C3(η) consists of 3
points lying on the line `η = P5η ∩ P(L⊥). In other words, `η is a trisecant
line of Ca(W ). Since any point on ` corresponds to a linear combination of
two quadrics of corank 2, the line `η is contained in the quartic hypersurface
D4 parametrizing singular quadrics in P(L⊥). However, if η = Π⊥±i, the
intersection P5η ∩ P(L⊥) is a plane Λc±i spanning the image of the curve F±i
under the map φ : SW → P(L⊥). The pre-image of this plane is |∆+KSW −
F±i|. As a bonus of this observation, we obtain the following (see, [8]).
Proposition 4.8. The variety of trisecant lines of Ca(W ) is a rational 3-
dimensional variety. The union of trisecant lines is the quartic hypersurface
D4 in P(L⊥) ⊂ P(S2(V4)) parametrizing singular quadrics in P3 = P(V4).
In fact, one can say more. Consider the incidence variety
(4.7) D˜4 = {(η,Q) ∈ P(V ∨4 )× P(L⊥) : η ∈ Sing (Q)}.
The projection to the second factor is a resolution of singularities of D4. Its
exceptional divisor is a P1-bundle over Ca(W ). Under the first projection,
its fiber over a point Q ∈ Ca(W ) can be identified with the singular line of
Q. The fiber of the projection to the first factor over a point different from
the 20 points corresponding to the plane components of reducible quadrics
in W can be identified, under the second projection, with a trisecant line of
Ca(W ). The fibers over the 20 points are the 20 planes contained in D4.
Let us look at the configuration of the 20 planes Λi,Λ−i in P(L⊥). Suppose
an apolar quadric Q belongs to Λi ∩ Λj . Then Q has two singular points
corresponding to the common singular points of quadrics from each plane.
This implies that Q has the singular line containing these two points. Thus
Q belongs to Ca(W ). This shows that the two cubic curves Fi = Λi∩Ca(W )
and Fj = Λj ∩ Ca(W ) intersect. This could happen only if i+ j 6= 0.
Note that, the twenty planes cutting out the 20 cubic curves on the Reye
model always pairwise intersect because they must be contained in one fam-
ily of planes on the quadric G1(P3) in the Plu¨cker quadric.
Let us summarize the differences between the Cayley and Reye models of
a nodal Enriques surface.
• Rey(W ) is contained in a quadric, and Ca(W ) is not.
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• The variety of trisecant lines of Rey(W ) consists of 20 planes, the
lines in the planes spanned by the images of the curves Ei and E
′
i.
The variety of trisecant lines of Ca(W ) is of dimension 3.
• The 20 planes Λi, i = ±1, . . . ,±10, containing the 20 plane cubic
curves on the Reye model pairwise intersect. On the Cayley model
they intersect only if i+ j 6= 0.
• Write 3∆c = E1 + . . . + E10, where fi = [Ei] form an isotropic
sequence defined by δ. Then |∆r − 2Ei| = ∅ and |∆c − 2Ei| =
|∆r − Ei − E′i| 6= ∅.
• Rey(W ) bears a unique stable rank 2 bundle E with c1(E) = ∆r and
c2(E) = 3, and any rank 2 bundle E ′ on Ca(W ) with c1(E ′) = ∆c
and c2(E ′) = 3 is unstable and fits into an extension of the form
0→ O(∆c − Ei)→ E ′ → O(Ei)→ 0.
• Let N c, N r in P5 be the normal rank 3 bundles of the Cayley and
Reye models in P5. Then h0(N c(−2)) = 0, and h0(N r(−2)) = 1.
If we identify Rey(W ) and Ca(W ), then E˜ is the restriction of the
universal quotient bundle on G1(P3), whilst E from above is the
restriction of the dual of the universal subbundle.
The proof of the last two properties can be found in [8] and [39], respec-
tively.
Since both Ca(W ) and Rey(W ) are isomorphic to the same Enriques
surface SW , there is an isomorphism Ca(W ) → Rey(W ). There is also
a natural isomorphism from Ca(W ) to the dual of the Reye congruence
of bidegree (3, 7) embedded in P(
∧2 V ∨4 ). This isomorphism assigns to a
reducible quadric Q ∈ Ca(W ) its singular line `. The dual of this line `⊥ is
the Reye line corresponding to Q under the isomorphism Rey(W ) ∼= Ca(W ).
Note that the embedding SW ↪→ P(
∧2 V ∨4 ) with the image equal to the
congruence of lines of bidegree (3, 7) is a Fano polarization isomorphic to a
Reye polarization.
4.4. The equations of a Fano model.
Proposition 4.9. Let W = P(L) be a regular web of quadrics in P(V4).
Let Rey(W ) ⊂ P(∧2 V ) and Ca(W ) ⊂ P(L⊥) be the Reye model and the
Cayley model of a nodal Enriques surface. Then the linear system of cubics
in P(
∧2 V ) (resp. P(L⊥)) with base locus Rey(W ) (resp. Ca(W )) is 9-
dimensional. Moreover, the homogeneous ideal defining Ca(W ) is generated
by 10 cubics, whilst the homogeneous ideal of Rey(W ) is generated by one
quadric and four cubics.
Proof. Let S ⊂ P5 be a Fano model of an Enriques surface defined by any
ample divisor D with D2 = 10. By Riemann-Roch and the vanishing Theo-
rem (see [6]), we have h0(3∆) = 46. Since h0(OP5(3)) = 56, the usual exact
sequence for the ideal sheaf of a subvariety of P5 shows that the dimension
of the linear system of cubics containing S is greater or equal than 9. It
is exactly 9 if S is 3-normal, that is h1(IS,P5(3)) = 0. The 3-normality of
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Fano models follows from Theorem (1.1) of [20]. We can give a more explicit
description of the cubics containing S for Cayley and Reye models.
Consider the variety of singular quadrics in P3. It is a discriminant quartic
hypersurface D in P9. The variety D(2) of quadrics of corank 2 is known
to be its singular locus and hence is equal to the intersection of 10 cubic
hypersurfaces defined by the partials of the discriminant quartic. The Cayley
model is the intersection of D(2) with a 5-dimensional plane in P9. So it is
contained in the base locus of a linear system of cubics of dimension ≤ 9.
Taking the minimal resolution of the ideal of D(2) and restricting it to a
transversal P5, we obtain the resolution of the Cayley model S = Ca(W ):
(4.8) 0→ OP5(−5)⊕6 → OP5(−4)⊕15 → OP5(−3)⊕10 → IS → 0.
It shows that S is projectively normal and that the ten partials of the dis-
criminant cubic generate the sheaf of ideals IS of S in P5.
Now, let us consider the Reye model Rey(W ) ⊂ G1(P3). As for any Fano
model, it is contained in a linear system of cubic hypersurfaces of dimen-
sion 9. Since Rey(W ) is contained in a quadric Q = G1(P3), it is contained
in a 5-dimensional linear system of cubics QH, where H is a hyperplane in
P5. We know, from the proof of Theorem 4.6, that the set of lines contained
in a quadric from a general net of quadrics is a Montesano cubic complex of
lines. Since any Reye line is contained in a pencil of quadrics in W , and this
pencil intersects any net in W , we see that Rey(W ) is contained in the Mon-
tesano complex of any net in W . The set of such Montesano complexes is
a 3-dimensional linear system of cubics containing Rey(W ). Together with
the previous 5-dimensional linear system, they generate a 9-dimensional lin-
ear system of cubics containing Rey(W ). A point in its base locus must be
contained in Q = G1(P3), so it is a line in P3. It is also contained in all
Montesano complexes. If we take two general planes in W , the intersection
line is not a Reye line, hence any line contained in the intersection of the two
Montesano complexes must be a Reye line. Thus the base locus coincides
with Rey(W ) at least set-theoretically. 
Corollary 4.10. (F. Cossec) Let X be a Fano model of a general Enriques
surface. Then its homogenous ideal is generated by 10 cubics.
Proof. By [5], a Fano model of a general Enriques surface is not contained
in a quadric, so the result follows by the argument from the first paragraph
of the proof of Proposition 4.9. 
Remark 4.11. The Cayley model is scheme-theoretically defined by 6 cubics,
the partials of the quartic symmetroid in P5. The 6 cubics generate a non-
saturated ideal of S•(L⊥)∗, whose saturate is generated by the 10 partials
of D ⊂ P9 restricted to P5; see Appendix, Fact 9.1.1.
We see that the K3-surface PB(W ) embeds as a linear section of the Segre
variety s2(P3 × P3) ⊂ P15 = P(V4 ⊗ V4) and the projection of the embedded
surface to P(L⊥) ⊂ P(S2V4) (resp. to P(
∧2 V4)) defines the embedding of
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the Enriques surface SW = PB(W )/(τ) onto its Cayley model Ca(W ) (resp.
Reye model Rey(W )). The corresponding linear systems are complete and
define the same ample Fano polarization δ ∈ Num(SW ). We denote the
corresponding lift of δ to Pic(SW ) by ∆
c (resp.∆r).
5. Coble surfaces
5.1. Degree 10 polarizations. A Coble surface is a rational surface S
such that | −KS | = ∅ but | − 2KS | 6= ∅. We refer to [10] for a classification
of such surfaces. Here we consider only a special case: a Coble surface of
K3-type and Halphen type with K2S = −1. This means that S is obtained
by blowing up one singular point of a non-multiple fiber of Kodaira’s type
In, II, III, or IV on a rational elliptic surface with a double fiber. In this
case the linear system | − 2KS | consists of one reduced divisor D0 which is
either a disjoint union of smooth rational curves with self-intersection −4
or a chain of k ≥ 2 smooth rational curves R1 + . . . + Rk with R21 = R2k =
−3, R2i = −2, i 6= 1, k, and R1 · R2 = R2 · R3 = . . . Rk−1 · Rk = 1 and
other intersections Ri · Rj , i 6= j, are zero. A Coble surface of this type
admits a birational morphism pi : S → P2 such that the image of the elliptic
fibration on S is an irreducible pencil of curves of degree 6 with 9 double
points p1, . . . , p9 including infinitely near points. Such a pencil is called
an Halphen pencil of index 2. The image of the divisor D0 is one of the
members of this pencil with an additional double point p10. A classical case
studied by A. Coble assumes additionally that D0 is an irreducible curve,
necessarily a smooth rational curve with self-intersection −4.
Let us explain why these surfaces should be considered as degenerations
of Enriques surfaces. Let pi : S → P2 be the blowup of 10 points p1, . . . , p10.
We denote by Ei the exceptional curves pi−1(pi). They may be reducible
curves if some points are infinitely near. Since D0 ∈ | − 2KS | intersects any
irreducible curve different from its component non-negatively and no (−3)-
component cannot be blown down, we see that no component of Ei has self-
intersection < −2. This implies that we can arrange the points in such a way
that infinitely near points are linearly ordered. This implies that the divisor
classes ei = [Ei] together with e0 = c1(OP2(1)) form a basis (e0, e1, . . . , e10)
in H2(S,Z) defining a lattice isomorphism φ : Z1,10 → H2(S,Z) such that
φ(Ei) = ei, i = 0, . . . , 10, and φ(k10) = KS . This shows that the restriction
of φ to k⊥10 defines a lattice isomorphism
(5.1) φ : E→ K⊥S .
This is the first property shared by Coble and Enriques surfaces.
We extend the notion of a marked Enriques surface to Coble surfaces.
A marking is an isomorphism (5.1). Two markings are isomorphic if they
differ by s ◦ g∗, g ∈ Aut(S) and s is an element of W nodS , the subgroup of
O(H2(S,Z)) generated by reflections in the divisor classes of (−2)-curves
intersecting each component of D with zero multiplicity. One can show
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that any isomorphism class of a marking can be represented by a geometric
marking, i.e. a marking (5.1) arising from a blow-down map pi : S → P2.
Let φ : E → K⊥S be a geometric marking, and fi = φ(fi), i = 1, . . . , 10.
Then fi = [3e0 − e1 − · · · − e10 + ei] represents the class of the proper
transform of a unique cubic curve passing through the points pj , j 6= i. Since
Num(S) = Pic(S), any numerical class is represented uniquely by a divisor
class, so this is the difference with the Enriques case, where fi lifts to Ei and
Ei+KS classes. However, in our case fi+KS = ei, so the pair fi, ei should be
an analog of two half-fibers on an Enriques surface. One defines the notion of
a canonical isotropic sequence and its non-degeneracy invariant in the same
way as in the case of Enriques surfaces. We have a similar description of
canonical isotropic sequences. There is a bijective correspondence between
geometric markings and canonical isotropic 10-sequences.
There is also a Fano polarization, the divisor class ∆ such that
∆ =
1
3
(f1 + · · ·+ f10) = 10e0 − 3e1 − · · · − 3e10,
where f1, . . . , f10 is a canonical isotropic sequence. The linear system |∆|
defines a birational morphism
Φ∆ : S → S¯ ⊂ P5
whose image S¯ is a surface of degree 10 which we call a Fano model of a
Coble surface. The morphism Φ∆ is an isomorphism outside the proper
transform of the sextic if and only the isotropic sequence is nondegenerate.
Otherwise, Φ blows down 10−nd(S) (−2)-curves and the image is a surface
of degree 10 with singularities of type Ak. Note that there is also the adjoint
Fano polarization ∆ +KS . The linear system
|∆ +KS | = |7e0 − 2e1 − . . .− 2e10|
maps S onto a surface of degree 9 in P5. It maps the divisor D0 ∈ | − 2KS |
to a conic spanning a plane Π. The union S¯ ∪ Π should be considered as a
degeneration of a Fano model of an Enriques surface.
5.2. The twenty planes. We assume that the rational plane sextic curve
C6 representing the divisor D0 ∈ | − 2KS | is irreducible and has 10 distinct
nodes p1, . . . , p10. Then, for any point pi, there exists a unique cubic curve
Fi passing through all the pj ’s except pi. It represents the divisor class fi
on S. The linear system |∆| maps Fi to a cubic in P5 spanning a plane Λi.
Since #Fi ∩ Fj = 1, the planes Λi and Λj intersects (as is easy to see, at
one point). The image of C6 is a point, the common singular point of the 10
plane cubics, the images of the exceptional curves Ei. Thus we have another
family of 10 planes Λ−i intersecting at one point. Each set of 10 planes is a
Lagrangian set of planes.
In the polarization ∆+KS , we have again the ten planes corresponding to
the curves Fi’s and the ten planes spanned by the images of the exceptional
curves (they are mapped to conics in P5). The peculiarity of this set of 20
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planes is that the plane spanned by the image of C6 intersects all the planes
from the second set of 10 planes.
Consider the 45 pairwise intersection points pij of the ten planes
Λ1, . . . ,Λ10 defined by the cubic curves F1, . . . , F10 under the polarization
|∆|. Let p′ij be the intersection point of Λi with Λ−j .
Proposition 5.1. For any i, the nine points pij , j 6= i, is the set of base
points of a pencil of cubic curves in Λi. The same is true if we replace an
even number of points pij with the points p
′
ij. Howerver, if we replace an
odd number of the points pij with points p
′
ij, then the nine points are the
base points of an Halphen pencil of index 2 on Λi.
Proof. Without loss of generality, we may assume that i = 1 and the in-
tersection points are p1,2, . . . , p1,k+1, p
′
1,k+2, . . . , p
′
1,10. In the plane they cor-
respond to the intersection points of F1 with F2, . . . , Fk+1 and the points
pk+2, . . . , p10. We have
F1 ∩ Fi = {p2, . . . , p10, ai} \ {pi}.
Since p2, . . . , p10 are cut out by the irreducible sextic C6 with multiplicity
2, we have 2(p2 + · · · + p10) ∼ 6h but p2 + · · · + p10 6∼ 3h, where h is the
divisor class of the intersection of F1 with a line. We have
3kh ∼ k(p2 + · · ·+ p10)− (p2 + · · ·+ p10)− (p2 + · · ·+ pk+1) +a2 + · · ·+ak+1
∼ (k − 1)(p2 + · · ·+ p10) + pk+2 + · · ·+ p10 + a2 + · · ·+ ak+1.
This implies that
a2 + · · ·+ ak+1 + pk+2 + · · ·+ p10 ∼ 3h+ (k − 1)ε,
where ε is a non-trivial 2-torsion divisor class on F1. Thus, if k is
odd, a2, . . . , ak+1, pk+2, . . . , p10 are cut out by a cubic F
′
1. The two cu-
bic curves F1 and F
′
1 generate a pencil of cubic curves with base points
a2, . . . , ak+1, pk+2, . . . , p10. On the other hand, if k is even, 2(a2 + · · · +
ak+1 + pk+2 + · · · + p10) ∼ 6h but a2 + · · · + ak+1 + pk+2 + · · · + p10 6∼ 3h.
Hence a2, . . . , ak+1, pk+2, . . . , p10 are base points of an Halphen pencil of
index 2. 
5.3. Periods of Coble surfaces. Now let us consider the period map for
Coble surfaces. Let S′ be the double cover of S branched along the divisor
D0. Since D0 ∼ −2KS , we have KX′ = 0. If D0 is smooth, S′ is a K3
surface. Otherwise S′ has rational double points over the singular points of
D0 (of type A1 if D arises from a singular fiber of type In, n > 1, of type
A3 if the fiber is of type III, and of type D4 if the fiber is of type IV ).
Resolving them minimally we obtain a K3 surface Y which we call the K3-
cover of S. The composition map Y → Y ′ → S extends to a double cover
p : Y ′ → S′, where S′ → S is a blowup of S. The ramification locus of this
cover is a disjoint union of (−2)-curves.
Let L denote the full pre-image of K⊥S in Pic(S
′) = H2(S′,Z). A choice of
a marking of S defines an isomorphism j : E→ L and then the composition
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of the isomorphism E(2) → L(2) and the inclusion p∗(L) → Pic(S) defines
an E(2)-polarization on X. Note that this polarization is not ample since
p∗(L)⊥ always contains classes of (−2)-curve, the unique one if and only if D
is smooth or equal to the union of two (−3)-curves. Thus, under any marking
of the E(2)-polarized K3 surface X, its period belongs to the divisor ∆−2.
This was excluded for the periods of E(2)-polarized K3 covers of Enriques
surfaces.
Conversely, consider a non-amply E(2)-polarized K3 surface Y . Choose a
marking ψ : LK3 → H2(Y,Z) and let
R = {δ ∈ T−2 : pY,ψ ∈ Hδ}
Let ZR be the sublattice of T = E(2)⊥ spanned by the classes δ ∈ R. Since
ZR lies in the orthogonal complement of the positive definite plane spanned
by the real and imaginary part of the period ψ−1C (H
20(Y )), we obtain that
ZR is a negative definite lattice generated by vectors of square −2, so it
must be a root lattice of type ADE. Let M be the primitive saturation of
the lattice E(2) ⊕ ZR. We assume that the lattice is 2-elementary, i.e. its
discriminant group is isomorphic to Fl2 for some l. This happens ifR consists
of mutually orthogonal δ’s.
Let us consider an involution ι of LK3 which is the identity on M and the
minus identity on its orthogonal complement. Since M⊥ is a 2-elementary
lattice, the minus identity involution acts trivially on its discriminant group,
hence (idM ,−idM⊥) extends to LK3. Let ιψ = ψ ◦ ι ◦ ψ−1 be the corre-
sponding involution of H2(Y,Z). Let h be an ample class from j(E(2)) in
Pic(Y ). Since ιψ leaves invariant every (−2)-curve R on Y with R · h = 0,
the class ιψ(h) is still ample. By the Global Torelli Theorem, ιψ = g
∗
0 for
some automorphism g0 of Y . As in the case of Enriques surfaces, apply-
ing the holomorphic and topological Lefschetz formulas, we find that g0 has
no isolated fixed points and has only (−2) curves in its fixed-point locus.
The number of these curves is equal to r = rank ZR. The formula for the
canonical class tells us that S′ = Y/(g0) is a smooth rational surface with
| − 2KS′ | = {D′}, where D′ is a disjoint union of r smooth rational curves
with self-intersection −4, the branch divisor of the quotient map. We have
D′2 = −4r, hence K2S′ = −r. The surface S′ is a terminal Coble surface of
K3 type, according to the definitions from [10]. By Lemma 1.10 from loc.
cit. there exists a birational morphism S′ → S, where S is a minimal Coble
surface with K2S = −1 or K2S = −2. Both of them are of K3 type. In the
first case, it is of Halphen type and in the second case it is of Jacobian el-
liptic type. The latter means that S is obtained by blowing up two singular
points of each of two reduced members of a pencil of plane cubic curves. In
this case, r > 1.
In particular, we see that Coble surfaces with irreducible anti-bicanonical
divisor D0 correspond to E(2)-polarized surfaces whose periods lie in ∆−2
but do not lie on the intersection of irreducible components of ∆−2. Accord-
ing to [29], the group Γ∗ acts transitively on irreducible components of ∆−2,
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so the moduli space of Coble surfaces is an irreducible variety of dimension
9.
In the sequel we will consider only Coble surfaces of Halphen type defined
by a Halphen pencil of elliptic curves of degree 6 and a choice of its reduced
singular member. An unnodal Coble surface, i.e. a Coble surface which does
not contain smooth rational curves different from D0, can be characterized
by the property that the corresponding E(2)-polarized K3 surface has periods
not in ∆−4. The corresponding Halphen pencil defines a minimal rational
elliptic surface with no reducible fibers.
Remark 5.2. In Section 9.2 of the Appendix, we provide results of computa-
tions for a particular Coble surface, associated to the rational plane sextic
which belongs to the pencil of sextic invariants of the three-dimensional ir-
reducible representation of the icosahedron group A5. This 10-nodal sextic
was studied in Winger [43]. The Coble surface associated to the icosahedral
sextic is nodal due to the presence of 10 conics passing through six of the
ten nodes (see loc. sit., p. 56).
5.4. Webs of quadrics and pairs of twisted cubics. Here we give an
exposition of a beautiful relationship between pairs of rational normal cubic
curves in P3, the quartic symmetroid and pairs of rational plane sextic curves
which is discussed in [4, Chapter V].
Let U denote a linear space of dimension 2 and νd : P1 = P(U)→ P(SdU)
be the dth Veronese map defined by the map U → SdU, u 7→ ud. Its image
is the Veronese curve Rd. A rational normal curve in P(SdU) ∼= Pd is
the image of Rd under a projective automorphism of P(SdU). We use the
polarization isomorphism SdU ∼= (SdU∨)∨ to identify the two linear spaces.
We refer to coordinate-free description of this isomorphism to [13, 1.1]. In
coordinates (t0, t1) in U and the dual coordinates (u0, u1) in U
∨, we identify
SdU∨ (resp. SdU) with the linear space of binary forms C[t0, t1]d (resp.
C[u0, u1]d) of degree d. Then we view u0, u1 as differential operators ∂∂t0 ,
∂
∂t1
that allows us to consider elements of SdU as linear functions on SnU∨. In
fact, more generally, in this way we can also consider SdU as linear maps
SkU∨ → Sk−dU∨, or as a pairing SdU⊗SkU∨ → Sd−kU. A form P (u) ∈ SdU
is called apolar to a form Q(t) ∈ SkU∨ if its value on Q is equal to zero.
Dually, we define a form P (t) ∈ SdU∨ apolar to a form Q ∈ SkU).
Of course, the apolarity pairing can be also defined in a similar manner
for symmetric powers of linear spaces of arbitrary dimension, we refer for
this to [13].
Let u = α0u0 +α1u1 ∈ U. We use a basis in SnU∨ that consists of mono-
mials
(
d
d−i
)
td−i0 t
i
1. We call this basis a modified monomial basis. Of course,
it depends on a choice of a basis in U. In this basis the value of ud on P (t) =∑( d
d−i
)
td−i0 t
i
1 is equal to d!P (a0, a1). This shows that the Veronese map is
given by the complete linear system |OP(U)(d)| = P(SdU∨)∨) = P(SdU). A
rational normal curve of degree d is given by this linear system plus a choice
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of a basis in SdU∨. In coordinates x0, . . . , xd (with respect to the modified
monomial basis),
νd([α0, α1]) = [α
d
0, α
d−1
0 α1, . . . , α
d
1].
Thus the homogeneous ideal IRn ⊂ SnU∨ = C[x0, . . . , xd] of the rational
normal curve Rn = νd(P(U)) in P(SdU) is contained (and in fact, it is equal)
to the ideal generated by maximal minors of the matrix(
x0 x1 · · · xd−1
x1 x2 · · · xd
)
.
In particular, we have
(5.2) dim |IRd(2)| =
(
d
2
)
− 1 = 1
2
(d− 2)(d+ 1).
Replacing U with U∨, we have the dual Veronese map ν∗d defines by l 7→ ld,
where l ∈ U∨, and the Veronese curve R∗n in the dual space P(U∨).
Let c : P(U) → P(U∨) be the correlation isomorphism defined by the
isomorphism
∧2 U ∼= C. In coordinates, it sends [α0u0+α1u1] to [α0t1−α1t0].
We have the commutative diagram
P(U)
νd //
c

P(SdU)
cd

P(U∨)
ν∗d // P(SdU∨),
where cd : P(SdU)→ P(SdU∨) is the dth symmetric power of the correlation
map c. Thus the image of the composition ν∗d ◦ c : U → P(U∨) is equal to
the Veronese curve R∗d in P(U∨) and this curve is also equal to the image of
Rd under the correlation isomorphism cd.
A hyperplane V (
∑
aixi) in P(SdU) vanishes at a point νd([α0, α1]) if and
only if
∑
ai
(
d
d−i
)
αd−i0 α
i
1 = 0. Thus, it cuts out in Rn the divisor V (P (t0, t1)),
where P (t0, t1) =
∑
ai
(
d
d−i
)
td−i0 t
i
1. In particular, the hyperplane νd◦c(α0u0+
α1u1) = [(α0t1−α1t0)d] intersects Rd at the point [α0, α1] with multiplicity
d. Such a hyperplane is called an osculating hyperplane.
Classically, one considers Rn as a curve of points and as a curve of hyper-
planes, the latter means that we identify Rn with R
∗
n and consider its points
as the osculating hyperplanes at these points.
For any n-dimensional linear subspace Vn ⊂ SdU∨, the linear system |Vn|
defines a projection of Rd ⊂ SdU to P(V ∨n ) from the subspace P(V ⊥n ), where
V ⊥n ⊂ SdU is the linear space of binary forms apolar to forms from Vn.
Dually, we can project R∗d from a subspace W
⊥
n , where Wn ⊂ SdU∨.
A k-secant of Rd is a (k − 1)-dimensional subspace L of P(SdU) such
that the linear system of hyperplanes through L cuts out on Rd a (d − k)-
dimensional linear system of divisors whose moving part consists of divisors
of degree d − k. Thus a 1-secant is a point on Rd, a bisecant is a line
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joining two points on Rd or tangent to it at one point, and a d-secant is an
osculating hyperplane. In other words, if d 6= k, a subspace L is k-secant
if the projection of Rd from L is a rational normal curve of degree d− k in
Pd−k. Of course, the projection of Rd from a general (k − 1)-dimensional
subspace is a curve of degere d in Pd−k.
Let Seck(Rd) be the variety of k-secants of Rd considered as a closed
subvariety of the Grassmannian G(k, SdU) ∼= G(k, d + 1). It is isomorphic
to Pk and the universal family of k-secants is a projective k− 1-bundle over
Pk. Let Catk,d be its image in P(SdU). A point [P (u0, u1)] belongs to Catd,k
if and only if there exists a form Q(t0, t1) in S
k(U∨) apolar to P (u0, u1). A
point of Catd,k is singular if it lies on a (k − 1)-secant of Rd.
If d = 2k, the catalecticant Cat2k,k is a hypersurface of degree k+ 1 given
by the determinant of the catalecticant matrix (see [13, 1.4.1]). Its minimal
resolution is the projective (k − 1)-bundle over Pk.
We specialize by letting d = 6. Let
(5.3) S2(S3U∨) ∼= S6U∨ ⊕ S2U∨
be the isomorphism of linear representations of SL(U) [19, 11.3]. It allows
one to identify P(S2U∨) with the linear system |IR3(2)| of quadrics in P(S3U)
vanishing on the Veronese curve R3 in P(S3U). It also identifies S6U with
the space (S6U∨/S2U∨)∨ = (S2U∨)⊥ ⊂ S2(S3U) of quadrics in the dual
space S3U∨ apolar to quadrics from |IR3(2)| (they are also called harmonic
quadrics with respect to R3). Dually, we identify S
6U with the space of
harmonic quadrics in P(S3U) with respect to the dual Veronese curve R∗3.
The singular locus of Cat6,3 is equal to the union of 2-secants of R6. It is a
codimension two subvariety of degree 10.
Consider the catalecticant hypersurface Cat6,3 in the space P(S6U). By
above we can consider P(S6U) as the space of harmonic quadrics on P(U∨)
with respect to the Veronese curve R3 ⊂ P(S3U). The existence of a apolar
form in S3U∨ to a form P ∈ S6U ∈ Cat6,3 means that the corresponding
quadricQ in P(S3U∨) is apolar to an element l of S3U∨, and this is equivalent
to that the point [l] is a singular point of the quadric.
Let us summarize what we have found.
Proposition 5.3. The catalecticant quartic hypersurface C6,3 in P(S6U) ∼=
P6 is SL(U)-equivariantly isomorphic to the discriminant hypersurface of
the space of quadrics in P(S3U∨) ∼= P3 which are harmonic with respect to
R3 ⊂ P(S3U). Its singular locus is equal to the union of bisecants of R6 and
can be identified with the locus of reducible quadrics.
Let pi be a plane in P(S6U∨) defined by a 3-dimensional subspace V3 of
S6U∨. It follows from above that we can identify P(V ⊥3 ) ⊂ P(S6U) with the
web W of quadrics in P3 = P(S3U∨) and the intersection of W with Cat6,3
can be identified with the quartic symmetroid of W parameterizing singular
quadrics in W . The singular locus which, for a general choice of pi, consists
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of 10 reducible quadrics, can be identified with points of P(V ⊥3 ) lying on
bisecants of R6.
Let us redenote R3 in P(S3U) by C1 and take another rational normal
cubic curve C2 in the same space. Let Ni be the space of quadrics contain-
ing Ci. Then we can consider the space of quadrics in P(S3U∨) which are
harmonic with respect to C1 and C2. If the curve C2 is general enough, this
defines a web W (C1, C2) of quadrics in this space. From now on, we denote
the space S3U∨ by V4, so we have a web W (C1, C2) of quadrics in P(V ∨4 ),
where C1, C2 are two rational normal cubics in P(V4). It consists of quadrics
apolar to quadrics vanishing on C1 or on C2.
Let Q = V (q) = L1 ∪L2 be a reducible quadric from W (C1, C2). We can
write q in the form l21+l
2
2 for some linear functions in V
∨
4 . The linear space of
apolar quadrics that vanish on the rank 1 quadric V (l2i ) is the hyperplane of
quadrics that vanish at the point [li] ∈ P(V ∨4 ). The linear system of quadrics
apolar to Q is the linear system of quadrics in P(V4) from W⊥ = 〈N1, N2〉
vanishing on the line ` spanned by the points [l1] and [l2]. It intersects the
plane Ni along a pencil of quadrics containing Ci ∪ `. Thus ` coincides with
a common bisecant ` of C1 and C2. The restriction of the linear system
W⊥ to a common bisecant ` of C1 and C2 defines a g12 on `, or a harmonic
involution. The pairs {q1, q2}, {pi1, p(i)2 } = Ci ∩ ` are its members.
According to a theorem of Reye [37] (see a modern proof in [24]), a general
web of quadrics is always apolar to a unique pair of rational normal cubics.
So, we have proved the following.
Proposition 5.4. A general web W of quadrics in P3 defines a unique pair
of rational normal cubics C1, C2 in the dual projective space Pˇ3 such that its
space of apolar quadrics W⊥ in Pˇ3 is spanned by the nets of quadrics N1
and N2 vanishing on C1 and C2, respectively. The curves have 10 common
bisecants `i and the restriction of W
⊥ to each bisecant `i defines a g12 whose
members are the pairs `i ∩C1, `i ∩C2 and the pair of points apolar to planes
V (Li) such that a reducible quadric from W is equal to V (L
2
1 + l
2
2).
Remark 5.5. The fact that two general rational normal cubics have ten com-
mon bisecants is originally due to Luigi Cremona. Nowadays, it easily follows
from the intersection theory on the Grassmannian G(2, 4). The variety of
bisecants of R3 is a congruence of lines in the cohomology class [σx] + 3[σpi],
where σx (resp. σpi) is the Schubert variety of lines through a point x (resp.
lines in a plane pi). The intersection of these two surfaces in G(2, 4) is equal
to 10.
Let Σ be a general rational sextic in the plane P2. It is defined by a
2-dimensional linear subsystem in |OP1(6)|. So, if we write P1 = P(U) and
|OP1(6)| = P(L∨), we can identify P2 with P(L) ⊂ P(S6U). Using (5.3), we
can identify P(L) with a net N1 of quadrics in P(S3U∨). By Reye’s Theorem,
the web W of quadrics apolar to quadrics from N1 and quadrics vanishing
on the Veronese curves R3 defines two rational curves C1 = R3 and C2. such
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that |ICi(2)| coincides with Ni. The image of C2 under the map given by
N1 is the curve Σ. The interchanging the roles of C1 and C2 we get another
rational sextic Σ′, the paired sextic.
Given an ordered pair (C1, C2) of rational normal curves, by a projective
transformation we can fix C1, so that the stabilizer of the pair becomes
isomorphic to SL(2). This gives the following.
Theorem 5.6. The moduli space MaEn,∆ of Enriques surfaces with ample
Fano-Reye polarization admits a degree 2 cover M˜aEn,∆ (defined by fixing an
order on the pair of rational normal cubics associated to the web of quadrics)
that is birationally isomorphic to the quotient variety of the Hilbert scheme of
rational normal curves by group SL(2). The variety M˜aEn,∆ is also isomor-
phic to the projective equivalence classes of rational plane sextics Σ in such
a way that the ten reducible quadrics in the corresponding web of quadrics
correspond to two tangent directions at a node which together with the pairs
of branches of Σ and of the paired sextic Σ′ form a g12.
5.5. Irreducibility of the moduli space of supermarked Enriques
surfaces. Here we will give the promised proof of irreducibility of MsmEn.
Applying Theorem 5.6,we see that it enough to prove and the arguments
from Section 3.2 we see that it is equivalent to the proof that the moduli
space of rational 10-nodal plane sextics with an order on the branch points
is irreducible. Let us make it more precise.
Consider the Severi variety V6,0 of rational curves of degree 6 in P(L∨) ∼=
P2. It is an irreducible variety of dimension 17. Let V 06,0 be its open subset
parametrizing irreducible sextics with 10 nodes. By fixing an order on the
set of nodes, we obtain the variety V˜ 06,0 parametrizing irreducible sextics
with 10 ordered nodes. The quotient of this variety by PGL3 is birationally
isomorphic to the moduli space of marked Coble surfaces. It follows from
the theory of periods of Coble surfaces that this variety is irreducible. Since
PGL3 is connected, it acts trivially on the irreducible components of V˜
0
6,0.
This implies that V˜ 06,0 is an irreducible variety. Now let X → V˜ 06,0 be the
Galois (Z/2Z)10-cover of V˜ 06,0 parametrizing rational sextics with fixed order
of the branches at its nodes. It remains to prove the irreducibility of X . It
suffices to show that the monodromy group of the cover X → V˜ 06,0 is the full
group (Z/2Z)10. We use the following lemma from [23].
Lemma 5.7. Let pi : Y → X be a holomorphic map of degree d. Suppose
there exists a point x ∈ X such that the fiber consists of d− 1 points, d− 2
simple points and the double point y. Assume that Y is locally irreducible at
y. Then the monodromy group contains a simple transposition.
Corollary 5.8. The cover X → V˜6,0 is an irreducible Galois cover with the
Galois group isomorphic to (Z/2Z)10.
Proof. Let Xk be the variety parameterizing irreducible rational sextics
with ordered set of nodes and the ordered branches at the first k nodes.
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Forgetting the order of branches at the k-th point defines a double cover
pik : Xk → Xk−1, k ≥ 1. By induction, it suffices to show that each such
cover is irreducible. For this it suffices to show that the monodromy group
of the cover acts non-trivially on the fiber over a point of Xk−1.
The closure V
0
6,0 of the variety V
0
6,0 in the Severi variety V6,0 contains a
codimension one subvariety C06,0 represented by irreducible curves of degree
6 with 9 nodes and one cusp. It is known to be an irreducible divisor.
Consider the normalization V˜ 06,0 of V
0
6,0 in the field of rational functions of
V˜6,0. The pre-image of C
0
6,0 in V˜
0
6,0 consists of 10 components parametrizing
curves with the kth singular point being a cusp. Consider the double cover
X1 → X0 = V˜6,0. It can be extended to a double cover X 1 → V˜ 06,0. It is
ramified over C06,0. Locally at a point over V˜
1,1
6,0 the cover must be irreducible
because the universal deformation of a cusp is irreducible. By Lemma 5.7,
X1 is irreducible. Similar argument shows that each cover Xk → Xk−1 is
irreducible. 
6. Lagrangian 10-tuples of planes in P5
6.1. The Enriques-Fano cubic fourfold. Let X be an unnodal En-
riques surface with a marking defined by a canonical isotropic 10-sequence
(f1, . . . , f10). Choose a Fano polarization ∆ =
1
3(E1 + · · · + E10) with
[Ei] = fi and consider the corresponding embedding X → |∆|∗ ∼= P5.
Then the images of Ei are plane cubic curves spanning planes Λi such that
Λi ∩ Λj 6= ∅. If we replace Ei with E′i ∈ |Ei +KS |, then we obtain another
set of planes Λ−1, . . . ,Λ−10 in the same space |∆|∗ such that
(6.1) Λi ∩ Λj 6= ∅⇔ i+ j 6= 0.
Let P5 = P(V ) for some 6-dimensional linear space V = V6. Consider a
nondegenerate symplectic form on V defined by the wedge product
(6.2)
3∧
V ×
3∧
V →
6∧
V
and a choice of a volume form on V . Each plane in P(V ) is defined by a
line in
∧3 V , so we can speak about a subspace of ∧3 V spanned by a set of
planes. By (6.1), the planes Λ1, . . . ,Λ10 (resp. Λ−1, . . . ,Λ−10) each span a
Lagrangian subspace U (resp. U ′) of
∧3 V . Moreover
3∧
V = U ⊕ U ′
and there exists a choice of representatives v±i of Λ±i in
∧3 V such that the
matrix of the symplectic form (6.1) in the basis (v1, . . . , v10, v−1, . . . , v−10) is
the standard skew-symmetric matrix with aij = −aij = δij , 1 ≤ i < j ≤ 10.
In the standard way, we can identify U ′ with the dual space U∨ and the
basis (v−1, . . . , v−10) with the dual basis of the basis (v1, . . . , v10).
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Definition 6.1. An ordered set of 10 planes (Λ1, . . . ,Λ10) in P(V ) is called
a Lagrangian 10-tuple of planes if there exists a set of planes (Λ−1, . . . ,Λ−10)
such that (6.1) holds. A Lagrangian 10-tuple of planes defined by an ample
Fano polarization ∆ with V = H0(S,OS(∆))∗ and a lift (E1, . . . , E10) to
Pic(S) of a canonical isotropic sequence (f1, . . . , f10) such that 3∆ = E1 +
· · · + E10 is called an Enriques 10-tuple of planes. The 10-tuple of planes
defined by E′i ∈ |KS + Ei| is called the dual Enriques 10-tuple of planes. A
10-tuple of planes is called semi-Lagrangian if Λi ∩ Λj 6= ∅ for all i, j.
Proposition 6.2. Let (Λ1, . . . ,Λ10) be an Enriques 10-tuple of planes. Then
(i) For any i 6= j, the planes Λi,Λj span a hyperplane.
Assume additionally that the ten planes originate from a general Enriques
surface S. Then
(ii) For any i, the 9 points pij = Λi ∩ Λj , j 6= i, are all distinct and are
base points of an Halphen pencil of elliptic curves of degree 6 with 9
double points.
(iii) the linear system of cubic hypersurfaces passing through the 45 points
pij is of dimension 10.
(iv) There exists a unique cubic hypersurface containing all 10 planes Λi.
(v) For any i there exists a pencil of cubic hypersurfaces containing the
planes Λj , j 6= i. It contains a unique cubic hypersurface Ci van-
ishing on the Enriques surface X. The hypersurfaces Ci span the
9-dimensional linear system of cubic hypersurfaces containing X.
Proof. (i) Suppose dim Λi∩Λj > 0, then there exists a pencil of hyperplanes
containing Λi,Λj . This implies that h
0(∆ − Ei − Ej) > 1. However, (∆ −
Ei−Ej)2 = 0 and (∆−Ei−Ej) ·Ek = 1 for k 6= i, j. This implies that fij =
[∆−Ei−Ej ] is a primitive isotropic vector and hence h0(∆−Ei−Ej) = 1.
(ii) By (i), Λi ∩ Λj = Ei ∩ Ej is one point. Suppose Λi ∩ Λj ∩ Λk 6=
∅. Then Ei and Ej intersect Ek at the same point. Since S is unnodal,
|Ei +Ej −Ek +KS | = ∅. Consider the natural exact sequence coming from
restriction of the sheaf OS(Ei − Ej) to Ek:
0→ OS(Ei − Ej − Ek)→ OS(Ei − Ej)→ OEk(Ei − Ej)→ 0.
We have (Ei−Ej−Ek)·Ei = −2. Since Ei is nef, the divisor class Ei−Ej−Ek
is not effective. Thus, by Riemann-Roch and Serre’s Duality, h1(OS(Ei −
Ej − Ek)) = 0 since h0(OS(KS + Ek + Ej − Ei)) = 0 by assumption. Now,
h0(OS(Ei−Ej)) = 0, because (Ei−Ej).Ei = −1 and Ei is nef. Suppose Ei∩
Ej∩Ek 6= ∅, thenOEk(Ei−Ej) ∼= OEk and h0(OEk(Ei−Ej)) = 1. It remains
to consider the exact sequence of cohomology and get a contradiction.
Thus, the 45 points pij are indeed all distinct. The 9 points pij on Ei
form an effective divisor η such that
OEi(η) ∼= OEi(E1 + · · ·+ E10 − Ei) ∼= OEi(3∆− Ei).
Since OEi(Ei) is a non-trivial 2-torsion divisor class and OEi(∆) ∼= OEi(1)
with respect to the embedding of Ei into the plane Λi, we see that η is
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not cut out by a cubic curve in Λi but 2η is cut out by a sextic curve. A
standard argument shows that in the linear system of sextics cutting out
2η there exists a unique sextic curve with 9 double points at the points pij .
Together with the cubic Ei, taken with multiplicity 2, they form a Halphen
pencil.
(iii) The linear system of cubic hypersurfaces in P5 is of dimension 55.
Thus the dimension of the linear system of cubics containing the 45 points
pij is of dimension ≥ 10. In Appendix we give an example of a smooth
Fano model S for which this dimension is equal to 10, see Fact 9.1.4 in the
Appendix. Thus for a general Fano model the dimension is equal to 10.
(iv) Choose one general point qi in each plane Λi. The linear system of
cubics containing the 55 points pij , qi is of dimension ≥ 0. By (ii), each
cubic in this linear system contains all planes Λi. In Appendix we show that
for a particular S there is only one such cubic hypersurface, see Fact 9.1.5.
Thus for a general Fano model there is only one such cubic.
(v) Consider the 10-dimensional linear system of cubics from (iii). Take
a general point qi in each Λi, i 6= j. By (ii), a cubic in the linear system
which passes through the additional 9 points must contain the planes Λi.
Thus the dimension of the linear system containing the planes Λi, i 6= j, is
greater or equal than 1. Again, using Appendix, Fact 9.1.5, we see that
for a general Fano model, the dimension is equal to 1. Since dim |3∆ −
E1 − · · · − E9 − E10 + Ej | = dim |Ej | = 0, the restriction of the pencil of
hypersurfaces from (iv) to Λj contains a unique hypersurface Ci vanishing
on S. We know that the dimension of the linear system of cubics containing
S is of dimension 9. Suppose the cubics Ci = V (Φi), i = 1, . . . , 10, generate
a linear system of smaller dimension. This means that there is a linear
dependence a1Φ1 + · · · + a10Φ10 = 0 with some ai 6= 0. Taking a general
point qi in Λi, we obtain that Φ(qi) = 0, hence Ci contains all 10 planes.
This means that Ci coincides with the unique cubic hypersurface containing
S. In Appendix we show an example of a surface S for which there are
no cubics containing S and the 10 planes. So the same must be true for a
general S. 
Let C(S) be the cubic hypersurface containing the 10 planes. We call
it the Enriques-Fano cubic. We have already proved its uniqueness (for a
general S). We will assume that C(S) does not contain S (true for a general
S).
Theorem 6.3. Let S be the Fano model of a general Enriques surface. Then
the Fano-Enriques cubic C(S) is nonsingular.
Proof. This follows from the Macaulay2 computation for a particular Fano
model of an Enriques surface, see Fact 9.1.3, but we will also provide a sketch
of a proof which would not make any recourse to computation. Suppose C(S)
has a singular point p. If p is a triple point, then C(S) is a cone over a cubic
threefold V in some hyperplane H. The projections of the planes define
≥ 8 planes contained in V (depending on whether p is contained in one or
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two planes). A general hyperplane section of V is a cubic surface with ≥ 8
disjoint lines. As is well-known this is impossible unless it is the union of a
plane and a quadric. Thus V is the union of a 3-space and a quadric, hence
C(S) is the union of a hyperplane and a quadric cone with a singular point
at p. This implies that each curve Ei is reducible, the union of a line and a
conic. Clearly, this is impossible for an unnodal Enriques surface.
Next we assume that p is a double point of C(S), and, by the above ar-
gument, the cubic is irreducible. Without loss of generality, we may assume
that p = (1, 0, 0, 0, 0, 0) and the equation of the cubic is
x0Q2(x1, . . . , x5) + F3(x1, . . . , x5) = 0.
The projection of C(S) from p to the hyperplane H : x0 = 0 defines a regular
birational map from the blowup of C(S) at p contracting the exceptional
divisor, isomorphic to a P1-bundle over the surface X = VH(Q2) ∩ VH(F3).
In other words, C(S) is the image of H under the rational map Φ given by
cubics in H containing X.
Let Λj be one of the ten planes and W = 〈Λj , p〉 the span of Λj and p. It
intersects C(S) along a cubic surface containing Λj and singular at p. Thus
it is the union of Λj and a quadric Q, and the quadric is singular at p if
p 6∈ Λj . In the latter case, the projection of Λj is a plane Λ′j in H, which
is either contained in X or intersects X along a conic. Let us assume that
X is normal. When X is non-normal (in particular, X may be reducible),
one has to argue by a fastidious case by case verification, which we omit.
So assuming X normal, we know that X does not contain planes, and for
those j for which p 6∈ Λj , the intersection Λ′j ∩X = Rj is a conic (possibly
reducible). For those j for which p ∈ Λj , the projection of Λj is a line
contained in X, which we also denote by Rj . Since p is contained in at most
two planes Λi, the ten curves R1, . . . , R10 in X are either 10 conics, or 9
conics and a line, or 8 conics and two lines.
Let us see how the 10 curves R1, . . . , R10 intersect. Suppose p 6∈ Λi.
Without loss of generality we may assume that i = 1. Suppose R1 intersects
R2. Let pij = Λi∩Λj . Then C(S) contains the lines 〈p, p12〉, and 〈p12, p13〉 ⊂
Λ1. Thus the plane spanned by these lines intersects the cubic along these
lines and the third line 〈p, p12〉. Now we consider the lines 〈p, p12〉 and
〈p12, p13〉. We obtain that the cubic contains the lines 〈p, p13〉. Continuing
in this way we see that the cubic contains all the lines 〈p, p1t〉, t = 2, . . . , 10.
This implies that the residual quadric cone Qi of the plane Λ1 intersect Λ
at 9 points. But we know that these points do not lie on a conic (for a
general Enriques). Since Ri does not intersect Rj if pij = p, we obtain that
all curves are disjoint.
Since X has no triple points, all its singularities are rational double points,
hence its minimal resolution is a K3 surface. The divisor classes of the
pre-images of Ri are linearly independent. By the usual period mapping
argument, we obtain that the projective isomorphism class of X depends on
≤ 9 parameters. So, for a general Enriques surface, this case cannot happen.
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
6.2. The variety of Enriques 10-tuples of planes. Now we will turn to
the varieties parametrizing the special tens of planes introduced in Definition
6.1. Let G = G2(P5) be the Grassmannian of planes in P5. Let
G10En (resp. G10lg , resp. G10slg)
denote the ordered sets of Enriques (resp. Lagrangian, resp. semi-
Lagrangian) 10-tuples of planes. We are interested in describing irreducible
components of G10slg and G10lg .
Note that a naive count of parameters gives that the expected dimension
of G10lg is equal to 45. In fact, all planes in P5 intersecting a fixed plane
is a hyperplane section of G2(P5), hence is of dimension 8. So we have 9
parameters for choosing Λ1, then 8 parameters to choose Λ2, 7 parameters
to choose Λ3, and so on. This gives 9 + · · ·+ 1 = 45 parameters.
Let us compute the tangent space of G10slg at a given point Λ =
(Λ1, . . . ,Λ10). We view P5 as the projectivization of a 6-dimensional
space V = U ⊕ U∨ with the standard symplectic form 〈(u, ξ), (u′, ξ′)〉 =
ξ′(u)−ξ(u′). Let Λi = P(Vi) for some 3-dimensional subspace Vi of V . With-
out loss of generality we may assume that Vi∩U∨ = {0}, hence the projection
map to pi : Vi → U is an isomorphism. Let us fix a basis u¯ = (u1, u2, u3)
in U and the dual basis u∗ = (u∗1, u∗2, u∗3) in U∨. Let v = (v
(i)
1 , v
(i)
2 , v
(i)
3 ) be
a basis in Vi such that pi(v
(i)
j ) = uj . Then Vi can be identified with the
column space of a 6× 3-matrix ( I3Ai ), where Ai is the matrix of the projec-
tion qi : Vi → U∨ with respect to the bases v¯ and u¯∗. We identify V with
V ∨ by means of the symplectic form. Let V ⊥i be the dual subspace of Vi
in V ∨ = V . We have V ⊥i ∩ U∨ = {0}, and the projection qi : V ⊥i → U is
an isomorphism. We choose a basis in V ⊥i to identify V
⊥
i with the column
space of the matrix
(−tAi
I3
)
.
We know that Λi ∩ Λj 6= ∅. In the matrix version from above, this
means that det(Ai − Aj) = 0. Let adj(X) denote the adjugate matrix of a
matrix X (the cofactor matrix). We have adj(Ai−Aj) = tβ(ij) ·α(ij), where
Vi ∩ Vj = Cα(ij), V ⊥i ∩ V ⊥j = Cβ(ij), unless Λi,Λj intersect along a line in
which case the adjugate matrix is zero.
In this notation we have the following.
Lemma 6.4. The tangent space of G10lg at a point Λ is isomorphic to the
space of solutions of the following linear system of 45 equations with 90
unknowns
(6.3) Trace
(
adj(Ai −Aj) · (Xi −Xj)
)
= 0, 1 ≤ i < j ≤ 10,
where Xi is a 3× 3-matrix with 9 unknown entries x(i)ab .
Proof. The tangent space of G2(P5)10 at the point Λ is isomorphic to the
set of 10-tuples (A1 + εB1, . . . , A10 + εB10), where ε
2 = 0. We have the
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additional condition that det(Ai − Aj + ε(Bi − Bj)) = 0, 1 ≤ i, j ≤ 10.
A well-known formula for computing the determinant of the sum of two
matrices proves the assertion. 
Theorem 6.5. G10En is an irreducible component of G10lg of dimension 45.
Furthermore, G10lg has at least two different irreducible components of dimen-
sion 45.
Proof. Let H be the Hilbert scheme of degree 10 Enriques surfaces in P5.
Each such surface S is a Fano model of an Enriques surface and carries 29
unordered sets of plane cubic curves Ei such that OX(E1 + . . . + E10) ∼=
OX(3). The quotient of H/PGL(6) is birationally isomorphic to the moduli
space MaEn,∆ of Enriques surfaces with ample Fano polarization. It is also
birationally isomorphic to the quotient Ma,mEn /S10. Consider the variety
X = {(S, (Λ1, . . . ,Λ10)) ∈ H ×G10En : (E1, . . . , E10) = (Λ1 ∩ S, . . . ,Λ10 ∩ S)}
The quotient X/PGL(6) is birationally isomorphic to the quotient
MsmEn/S10. By Theorem 3.5, it is an irreducible variety of dimension 10.
Since PGL(6) is connected, it acts trivially on irreducible components of the
Hilbert scheme. This implies that H is an irreducible variety of dimension
45. By Proposition 6.2 (v), there is an open subset in H such that its pre-
image under the first projection X → H is mapped one-to one to its image
under the second projection H → G10En. This shows that G10En contains an
irreducible subvariety of dimension 45.
To show that it is an irreducible component of G10lg it suffices to exhibit
one point in G10En such that the tangent space of G10lg at this point is of
dimension 45. We take a Reye congruence corresponding to some special
web of quadrics, and use Macaulay2 computation to check the assertion, see
Fact 9.1.9.
To verify the second assertion, let (Λ1, . . . ,Λ10) be an Enriques 10-tuple.
If we replace one of the Λi by Λ−i, we obtain a Lagrangian 10-tuple which is
not an Enriques 10-tuple. Indeed, there is no cubic hypersurface containing
(Λ1, . . . , Λˆi, . . . ,Λ10,Λ−i). This follows from the fact that |3∆−
∑10
k=1Ek +
Ei − E′i| = |KS | = ∅. 
We will denote the second component of dimension 45, introduced in the
proof of Theorem 6.5, by ′G10En. Another property that distinguishes the two
components is the nature of the 9-tuples of intersection points Λi with the
remaining Λj (j 6= i). For (Λi) ∈ G10En, there is a unique plane cubic through
each one of these 9-tuples (Proposition 6.2, (ii)), and there is an Halphen
pencil of 9-nodal plane sextics through them. But if (Λi) ∈ ′G10En, then each
one of these 9-tuples of points is the base locus of a pencil of plane cubics
(Proposition 6.2, (v)).
It is natural to ask whether our 10-tuples of planes can be extended to
n-tuples with similar properties for n > 10. It is obvious, that if Λ−n,
. . . ,Λ−1,Λ1, . . . ,Λn is a configuration of planes in P5 = P(V ) satisfying
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(6.1), then n ≤ 10. Indeed, the matrix of products of the Plu¨cker 3-vectors
v−i, vi representing Λ−i,Λi with respect to the alternating bilinear form (6.2)
is non-degenerate, hence 2n ≤ dim∧3 V = 20. It is harder to answer the
question about extensions in the class of n-tuples of planes Λ1, . . . ,Λn such
that Λi∩Λj 6= ∅ for any i, j. We will call such a n-tuple an isotropic n-tuple
of planes. We will call an isotropic n-tuple of planes maximal (or a Morin
configuration, see [40]), if it does not extend to an isotropic (n+ 1)-tuple of
planes.
Proposition 6.6. A generic 10-tuple of planes Λ = (Λi) from G10En or ′G10En
is a Morin configuration of planes.
Proof. If Λ extends to an isotropic n-tuple with n > 10, then the Plu¨cker
3-vectors v1, . . . , vn representing Λ1, . . . ,Λn span the same Lagrangian sub-
space A ⊂ ∧3 V as v1, . . . , v10. In Section 8, we associate to A the EPW
sextic XA. As follows from Proposition 8.1, if the singular locus of the XA
is 2-dimensional, the 2-planes contained in SingXA are exactly those whose
Plu¨cker 3-vectors are contained in A. By Appendix, Fact 9.1.8, the singular
locus of the EPW sextic associated to Λ contains exactly 10 planes, which
implies the result. 
However, there do exist Morin n-tuples with n ≥ 11. Below we provide
an example with n = 13. For more results in this direction, see [35], [18],
[25]; in particular, it follows from these papers that the maximal possible
value of n is 20.
Example 6.7. Let Π1, Π2, Π3 be 3-dimensional subspaces of P5 which con-
tain a plane Λ. Set Υij = 〈Πi,Πj〉, 1 ≤ i, j ≤ 3, i 6= j. Choose three smooth
quadric surfaces Qi ⊂ Πi, i = 1, 2, 3, meeting Λ along three distinct smooth
conics Ci such that Ci ∩ Cj consists of four distinct points pij1 , pij2 , pij3 , pij4 if
i 6= j. We do not require that the twelve points of intersection are distinct;
it is even possible that pijk do not depend on i, j, so that the Ci belong to one
pencil. We define the plane Λ(p)ij to be the tangent plane of the quadric
Qi at one of the points p = p
ij
k , k = 1, 2, 3, 4. This gives twelve planes Λ
ij
k .
Together with Λ, they form the desired configuration of 13 planes.
Let us now show to that this configuration is maximal, that is: there is no
14th plane Σ meeting each one of the 13 planes at one point. Assume that
such Σ exists. Then Σ meets the 4 planes Λijk (k = 1, 2, 3, 4) lying in the
same 4-space Υij . Since Π 6⊂ Υij , the intersection Σ ∩Υij is a line, say, `ij .
The three lines `12, `23, `31 form a triangle with vertices qj = `ij ∩ `jk ∈ P3j .
Let us fix (ij) for a while; write pk instead of p
ij
k . As an element of the
Grassmannian G(2, 5) = G1(Υij), the line `ij is in the intersection W of
four Schubert varieties
⋂4
k=1 Ω(Λ
ij
k ). They are special linear complexes, i.e.
hyperplanes in the Plu¨cker space which are tangent to G(2, 5). Denote by Z
the locus of the intersections ` ∩Πi as ` runs over W . Then, qi ∈ Z.
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The variety W is the intersection of G(2, 5) with four special linear com-
plexes Ω(Λijk ). It is a Del Pezzo surface of degree 5 in the Plu¨cker embedding.
It is known that it is contained in the fifth special linear complex Ω(Σij)
(see [13, Example 10.2.3]). On the other hand, it is known that the degree
of the 4-dimensional Schubert variety Ω(line) is equal to 3. Since W is the
intersection of G(2, 5) with a linear subspace of codimension 4, we see that
the union of lines parametrized by W in P4 is a cubic hypersurface S3 (in
fact, a Segre cubic primal with 10 nodes, see loc. cit. ). The intersection of
S3 with Πi is equal to Z and it must be a cubic surface. Since W contains
a ruling of lines on Qi, we see that Z contains Qi. The residual component
of Z must be the fifth plane Σij . It is contained in Πi, and similarly, in Πj .
Thus Σij does not depend on (ij) and coincides with Λ = Πi ∩ Πj . This
shows that all the three points qi are in Λ, so `ij ⊂ Λ, and hence Σ = Λ.
Hence the configuration of 13 planes Λ,Λijk is maximal.
7. Cubic 4-folds
7.1. The Fano variety of lines. Let X be a smooth cubic fourfold in P5
and let F be the variety of lines in X. Its dimension is equal to 4 and
it admits a natural structure of a holomorphic symplectic manifold. The
holomorphic 2-form is defined as follows. One considers the universal family
of lines
U = {(x, `) ∈ X × F : x ∈ `}
which is equipped with two projections p : U → X, q : U → F . Then one
considers the Abel-Jacobi map
Φ = q∗p∗ : H4(X,Z)→ H2(F,Z)
which is compatible with the Hodge structures. Let h ∈ H2(X,Z) be the
class of a hyperplane section of X. We have
Φ(h2) = σ1,
where σ1 is the first Chern class of the restriction to F of the tautological
rank 2 vector bundle over the Grassmannian G1(P5). It is represented by
the variety of lines in F meeting a general 3-dimensional subspace in P5.
We have σ41 = 36, the degree of F in its Plu¨cker embedding. The symmetric
bilinear form (the Beauville-Bogomolov form, the BB form for short)
(x, y)F =
1
6
σ21 · x · y
equips H2(F,Z) with a structure of a quadratic lattice such that, for any
a, b ∈ H4(X,Z) which orthogonal to h2,
(Φ(a),Φ(b))F = −a · b,
where a ·b is the cup-product on H4(X,Z). The cup-product quadratic form
on H4(X,Z) is isomorphic to a unimodular odd lattice Z21,2 of rank 23 and
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signature (21, 2), the orthogonal complement H4(X,Z)0 to h2 is an even
lattice of signature (20, 2) isomorphic to the lattice
(7.1) E8(−1)⊕ E8(−1)⊕ U ⊕ U ⊕B = E(−1)⊕ E(−1)⊕B,
where B is the positive definite lattice of discriminant 3 defined by the
quadratic form 2x2 + 2xy + 2y2.
We have h3,1(X) = 1, h22(X) = 21 and Φ(H3,1(X)) = H2,0(F ) = Cα,
where α is a holomorphic symplectic 2-form. More explicitly, H3,1(X) is
generated by ω = ResX
Ω
P 2
, where Ω is a section of KP5(6) and X = V (P ).
Integrating ω along 4-cycles on X, we get the period map
℘ :Msmthcub → D/Γ,
where Msmthcub is the moduli space of smooth cubic hypersurfaces, D is
the disjoint union of two Hermitian symmetric spaces of orthogonal type
corresponding to the quadratic space LR, where L is given in (7.1) and
Γ = O(L)∗ = Ker
(
O(L) → O(L∨/L)) is the subgroup of index 3 of the
orthogonal group of L. According to [42], the period map is an isomorphism
on its image.
7.2. Cubic 4-folds with a Lagrangian set of planes. We will be inter-
ested in cubic 4-folds containing a Lagrangian set of 10 planes (Λ1, . . . ,Λ10).
Let Pi = [Λi] be the class of Λi in H
4(X,Z). Intersecting X with a 3-
dimensional subspace containing Λi we find that
h · Pi = 1, P 2i = 3.
Let M be the primitive sublattice of H4(X,Z) spanned by h, P1, . . . , P10 and
T = M⊥ be its orthogonal complement in H4(X,Z).
Lemma 7.1. Let h be a fixed element of Z21,2 such that h2 = 3. Then
any two primitive embeddings φ : M ↪→ Z21,2 and ψ : M ↪→ Z21,2 such that
φ(h) = ψ(h) = h are conjugate by an isometry of Z21,2 fixing h.
Proof. The symmetric bilinear form of M in the basis (h, P1, . . . , P10) is
given by the matrix 2I11 + 3I11, where I11 is a square matrix of size 11 with
all entries equal to 1. One immediately checks that this matrix is positive
definite and its discriminant group is isomorphic to (Z/2Z)9⊕(Z/26Z). The
orthogonal complement T = Tφ = φ(M)
⊥ in Z21,2 is an even lattice with the
same discriminant group. This follows from the fact that L = h⊥ is even and
T can be equally obtained as the orthogonal complement T =
(
φ(M ′)
)⊥
L
in
L, where M ′ = h⊥M is the orthogonal complement to h in M . The new lattice
M ′ is an even lattice of rank 10, and its discriminant group is isomorphic
to (Z/2Z)9 ⊕ (Z/78Z). The quadratic form on L induces quadratic forms
on the discriminant groups qM ′ : M
′∗/M ′ → Q/2Z, qT : T ∗/T → Q/2Z.
As in [32], Proposition 1.5.1, we can identify Z21,2 with the sublattice of
M ′∗×T ∗ obtained as the preimage of the graph Gγ of some monomorphism
γ : T ∗/T → M ′∗/M ′ under the surjection pi : M ′∗ × T ∗ → (M ′∗/M ′) ×
(T ∗/T ), satisfying the condition qT = −qM ′ ◦ γ.
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As T is indefinite and rk T = 12 ≥ lp(T ∗/T ) for every p, where lp(A)
denotes the number of p-primary maximal cyclic subgroups of a finite abelian
group A, it follows from loc. cit., Theorem 1.14.2, that the isometry class
of T is uniquely determined, and the natural map of orthogonal groups
r : O(T ) → O(T ∗/T, qT ) is surjective. As any two monomorphisms γ as
above differ by an isometry σ ∈ O(T ∗/T, qT ), the surjectivity of r implies
that any two overlattices of M ′ × T in M ′∗ × T ∗ of the form pi−1(Gγ) are
conjugate under the action of O(T ). Hence all of them are isomorphic to L.
We have proved the uniqueness of the primitive embedding of M ′ into
L, which is the same as the uniqueness of the primitive embedding of pairs
(M,h) ↪→ (Z21,2,h). 
Lemma 7.2. There is an isomorphism of lattices
T ∼= E(−2)⊕
(
−2 3
3 2
)
.
Proof. First we choose a basis in Z21,2 ∼= H4(X,Z) by considering Z21,2
as the orthogonal sum Z1,10(−1) ⊕ Z1,10(−1) ⊕ 〈1〉. Here, for any integer
m, 〈m〉 denotes the quadratic lattice of rank 1 generated by an element of
square m. In each direct summand Z1,10(−1) we choose an orthogonal basis
(E0,E1, . . . ,E10) and (E
′
0,E
′
1, . . . ,E
′
10) as in (2.1). Since all vectors of square
3 are equivalent under the orthogonal group of Z21,2, we may assume that
h = (k10,k10,E), where E is a basis of the summand 〈1〉.
By the previous lemma, a primitive embedding of (M,h) in (Z21,2,h) is
unique up to an isometry. Let us construct one such embedding by hand:
define ι : M ↪→ Z21,2 by
ι(h2) = h, ι(Pi) = (Ei,E
′
i,−E).
The orthogonal complement of this lattice contains a sublattice N of rank
12 generated by vectors
(Ei,−Ei, 0), i = 1, . . . , 10, (∆,E0,−3E).
The first 11 vectors generate a sublattice isomorphic to Z1,10(−2). It is easy
to see that
M = E(−2)⊕ Z(k10,−k10, 0) + Z(∆,E0,−3E),
where E(−2) ⊂ Z1,10(−2) is equal to (k10,−k−10, 0)⊥. Computing the Gram
matrix of the vectors (k10,−k10, 0) and (∆,E0,−3E) we find that it is equal
to the matrix from the assertion of the lemma. The discriminant of N is
equal to 210 · 13. Since ι(M) has the same discriminant, and ι(M)⊕N is a
sublattice of a unimodular lattice, we obtain that N = ι(M)⊥ ' T . 
Theorem 7.3. The moduli space of smooth cubic fourfolds containing a
semi-lagrangian 10-tuple of planes is isomorphic to an open Zariski subset
of the locally symmetric space Dl/Γl, where Dl is the Hermitian space of or-
thogonal type corresponding to the lattice T from the assertion of the lemma,
and Γl = Ker
(
O(T )→ O(T ∗/T )). In particular, this space is irreducible.
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Proof. The fact that every middle dimensional cohomology class P with
P ·h = 1, P 2 = 3 in a smooth cubic 4-fold Y is the class of a plane is proved
in [42], section 3. If Y contains two planes P1, P2 such that P1 ·P2 = 1, then
they meet in a single point, for if they meet in a line, then P1 · P2 = −1.
It remains to explain the irreducibility statement. The lattice T contains a
hyperbolic plane U(2) = U(−2) as a direct summand. Then the isometry
−idU(−2) ⊕ idU(−2)⊥ ∈ Γl switches the two connected components of D (see
Proposition 5.6 in [9]). 
Corollary 7.4. Let X be a smooth cubic fourfold. Then X has at most 10
planes with one point pairwise intersections.
Proof. Suppose we have 11 planes Pi as in the assertion. As in the proof
of Lemma 7.1, one shows that the discriminant of this lattice is equal to
211.14. In fact, one computes the discriminant group which turns out to
be isomorphic to (Z/2Z)11 ⊕ Z/14Z. In particular, the minimal number
of its generators is equal to 12. The discriminant group of its orthogonal
complement in H4(X,Z) ∼= Z21,2 is of rank 11 and the same discriminant.
So the minimal number of its generators is at most 11. This contradiction
proves the assertion. 
Corollary 7.5. There is an open set U ⊂ G10En such that for Λ ∈ G10slg, there
is an equivalence:
Λ ∈ U ⇐⇒ there exists a smooth cubic 4-fold containing Λ.
8. Double EPW sextics
8.1. EPW sextic hypersurfaces. We have associated an irreducible sym-
plectic variety (ISV) of dimension 4 to a generic Enriques 10-tuple Λ: this
is the Fano variety F (CΛ) of lines on the unique cubic 4-fold CΛ containing
Λ. In this section we will associate another 4-dimensional ISV to Λ, de-
noted X˜Λ, and will show that these two families of ISV are distinct, or more
exactly, F (CΛ), X˜Λ are not even birationally equivalent.
Recall the construction of an EPW sextic in P5. Let V = C6 and A be
a Lagrangian subspace of
∧3 V . To any [x] = Cx ∈ P(V ), we can associate
another Lagrangian subspace x ∧ ∧2 V of ∧3 V . The EPW sextic is the
degeneracy locus of points [x] for which these two Lagrangian subspaces are
not in general position:
XA = {[x] ∈ P(V ) : (x ∧
2∧
V ) ∩A 6= 0}.
It is proven in [16] that XA has a scheme structure of a sextic hypersurface
in P(V ) unless it is equal to the whole space. For A generic, its singular
locus is the set
SingXA = {x ∈ XA : dim
(
(x ∧
2∧
V ) ∩A) ≥ 2}.
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It is a smooth surface SA of general type of degree 40 with Hilbert polynomial
126P0 − 120P1 + 40P2, where Pn stands for the Hilbert polynomial of Pn.
In [33] K. O’Grady proved that there exists a natural double cover
pi : XˆA → XA
ramified along SA which is an irreducible symplectic 4-fold, deformation
equivalent to the Hilbert square of a K3 surface.
If A is not generic, we have the following proposition proved in [34, Corol-
lary 2.5].
Proposition 8.1. Assume that XA is not the whole P(V ). Let [v] ∈ XA.
Then XA is smooth at [v] if and only if [v] 6∈ XA[2] and A does not contain
any decomposable form v∧ω. In other words, SingXA is the union of XA[2]
and the planes P(W ), where W varies through all 3-planes of V such that∧3W ⊂ A.
Take a semi-Lagrangian 10-tuple Λ. Assume that the Plu¨cker 3-vectors
vi ∈
∧3 V associated to Λi are linearly independent. Then they span a
Lagrangian subspace A(Λ), which produces an EPW sextic, maybe very
degenerate. We denote it by XΛ. This defines a map from G10En to the space
of hypersurfaces of degree 6 in P5.
Proposition 8.2. Let Λ ∈ G10En be generic. Then the singular locus of
XΛ is the union of the ten planes Λi from Λ and the degree 40 surface
SΛ := XA(Λ)[2].
Proof. The fact that SΛ and all the Λi are in Sing XΛ follows from Prop.
8.1. In the Appendix (Fact 9.1.8) we present a special Enriques surface for
which there is nothing else in Sing XΛ. Hence the same property holds for
a generic Enriques surface. 
8.2. Conjectural description of XΛ. Based on a Macaulay2 computation
(see Appendix (Fact 9.1.8)), we suggest the following conjectural description
of the EPW sextic associated to any supermarked Enriques surface X.
Conjecture 8.3. Let Λ be any Enriques 10-tuple of planes in P5, and let
A(Λ), XΛ be defined as above. Then the following properties hold:
(i) Sing XΛ decomposes into 11 irreducible components, of which 10 are
the planes Λ1, . . . ,Λ10, and the eleventh one is an irreducible surface SΛ =
XA(Λ)[2] of degree 40 with Hilbert polynomial 126P0 − 120P1 + 40P2. The
singularitiy of XΛ along Λj \SΛ (j = 1, . . . , 10) and along SΛ \
(⋃10
i=1 Λi
)
is
an ordinary double point (ODP) in the transversal slices.
(ii) The surface SΛ is non-normal. Its singular locus Sing SΛ is the union
of 10 plane sextic curves Bi = SΛ ∩ Λi (i = 1, . . . , 10) of genus 1 with 9
nodes at points pij = Λi ∩ Λj (j = 1, . . . , 10, j 6= i). One can obtain Bi as
the intersection of Λi with the EPW sextic XΛi , where Λi is obtained from
Λ by replacing Λi with Λ−i (we use the notation from Definition 6.1).
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(iii) Off of the 45 points pij , the singularities of SΛ are those of quasi-
transversal intersection of two smooth branches, and the tangent cone at
any one of the points pij is linearly equivalent to the cone in C4 with vertex
0, formed by the four coordinate planes 〈e1, e2〉, 〈e2, e3〉, 〈e3, e4〉, 〈e4, e1〉.
The two planes 〈e1, e3〉, 〈e2, e4〉 are the images of Λi, Λj respectively, so that
the lines 〈e1〉, 〈e3〉 correspond to the tangents of two branches of Bi at pij ,
and the two lines 〈e2〉, 〈e4〉 correspond to the tangents of the two branches
of Bj at pij .
(iv) The canonical class of SΛ is numericallyOSΛ(3), so thatOSΛ(2KSΛ) '
OSΛ(6). The linear system |OSΛ(3)| contains the divisor V (F0), which is a
double structure on the degree 60 curve
⋃10
i=1Bi; here F0 denotes the unique
cubic in P5 vanishing on Λ. The normalization S˜Λ has numerically trivial
canonical class.
(v) O’Grady’s double cover pi : XˆΛ → XΛ provides a singular symplectic
4-dimensional variety XˆΛ, whose singular locus is the union of 10 K3 surfaces
S¯j = pi
−1(Λj) (j = 1, . . . , 10) with ODP at the intersections pˆij = S¯i ∩ S¯j
(thus each S¯j has 9 ODP). The map σ : X˜Λ → XˆΛ obtained by blowing up
Sing XˆΛ is a symplectic resolution of singularities, and X˜Λ is a symplectic
4-fold with a generically 2-to-1 morphism p˜i = σ ◦ pi : X˜Λ → XΛ onto the
EPW sextic. The ten exceptional divisors Dj are P1-bundles over the K3
surfaces Sj obtained by resolving the 9 singular points of S¯j , and Di meets
Dj transversely along the quadric σ
−1(pˆij) ' P1 × P1.
The evidence for all the assertions is the Macaulay2 computation showing
that the wanted properties are verified for a special (nodal) Enriques surface
X defined over a finite field.
Remark 8.4. Presumably, S˜Λ is an Enriques surface, and SΛ is the projection
of S˜Λ defined by a linear subsystem of quadrics on its Fano model. An evi-
dence for these two assertions is given by Theorem 4.6, where we introduced
the bitangent surface Bit(DW ) of the discriminant surface of a general web
of quadrics whose normalization is isomorphic to a general nodal Enriques
surface realized as the Reye congruence of W . The difference is that the
sextic curves Bi forming the singular locus of Bit(DW ) are reducible: they
are unions of two plane cubics meeting at 9 points pij (j = 1, . . . , 10, j 6= i).
Even a stronger evidence is provided by the work of Ferretti [17],[18].
Starting from any irreducible quartic surface S0 with k ordinary nodes, he
shows that the Hilbert square S
[2]
0 admits a deformation pi : X → U over a
smooth variety of dimension 20− k such that X0 is birationally isomorphic
to S
[2]
0 . For generic t ∈ U , the fibre Xt is a singular double EPW-sextic
XA(t) which contains k planes in its singular locus and XA(t)[2] is bira-
tionally isomorphic to the bitangent surface Bit(S0). By taking S0 to be a
quartic symmetroid, he finds an irreducible 10-dimensional variety U ′ which
parametrize EPW sextics XA with the singular locus equal to the union of
10 mutually intersecting planes Λi ∈ Λ generating a Lagrangian subspace
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A with XA[2] birationally isomorphic to an Enriques surface. There ex-
ists a symplectic resolution X˜A of the double cover of XA which provides
a holomorphic symplectic manifold which contains 10 divisors Di, each is
isomorphic to a P1-bundle over a K3 surfaces Ki. Each Ki is birationally
isomorphic to the double cover of Λi along the sextic curve Λi ∩ XΛ. The
fixed locus of the deck involution of the double cover is birationally isomor-
phic to an Enriques surface. All of this suggests that the 10-dimensional
irreducible family of double EPW sextics constructed by Ferretti coincides
with our 10-dimensional family coming from G10En.
However, it is unlikely that the surface SΛ is birationally isomorphic to
the original Enriques surface S, as follows from the computation in Fact 9.3.
A degenerate case is described there, in which S is a union of three quadrics
and 4 planes, but SΛ has a component of degree 16.
8.3. The lattice polarization on X˜Λ. For the remaining part of the sec-
tion we are admitting the above conjectural description. Then we have
a 10-dimensional family of irreducible holomorphic symplectic 4-folds X˜Λ,
parametrized by Λ ∈ G10En, which are resolutions of singularities of double
EPW sextics XˆΛ. They posses the following properties: the underlying
EPW sextic XΛ contains exactly 10 planes, and the preimages of the ten
planes in X˜Λ are ten exceptional divisors Dj which are P1-bundles over some
K3 surfaces Kj .
As we mentioned in the previous remark, Ferretti constructed another
10-dimensional family of irreducible symplectic varieties (ISV) X˜Λ, Λ ⊂
Σ10, possessing exactly the same properties. Both G10En and Σ10 are 45-
dimensional irreducible components of G10slg, thus giving ten moduli param-
eters modulo PGL(6,C). We do not know whether G10En is equal to Σ10,
though both families are polarized by the same diagonal lattice Z1,10(2), in
which the first basis vector of the lattice, the one of square 2, is the pullback
hEPW of the hyperplane section of XΛ, and the remaining ten are the classes
of the Dj ’s.
Ferretti calculates the BB form in degenerating varieties of his family into
a one which can be flopped to the Hilbert square of a special K3 surface.
The existence of such a degeneration is exactly the condition that singles
out the component Σ10 of G10slg. The following lemma shows that the lattice
is the same in our case.
Lemma 8.5. A variety X˜Λ constructed as in part (v) of Conjecture 8.3 is a
deformation of the Hilbert square of a K3 surface, and the BB form on the
elements hEPW, D1, . . . , D10 coincides with Z1,10(2).
Proof. The first assertion follows from [30], Theorem (2.2). It implies that
the BB form of X˜Λ is even, and the following Beauville–Fujiki identity re-
lating the quadruple intersection products to the BB form holds:
(8.1) (a · b · c · d) = (a, b)(c, d) + (a, c)(b, d) + (a, d)(b, c).
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The linear system of hEPW sends X˜Λ onto a sextic in P5 via a degree 2 map,
hence the quadruple self-intersetion is (h4EPW) = 12, and (hEPW, hEPW) = 2.
Further, as p˜i(Dj) is not a divisor, (h
3
EPW ·Dj) = 0, hence (hEPW, Dj) = 0.
Since the varieties X˜Λ do not depend on the order on the set of planes,
(D1, D1) = . . . = (D10, D10) = 2α for some α ∈ Z. For i 6= j, Di∩Dj = Q is
a smooth quadric surface, hence it is Lagrangian, and for its normal bundle
we have NQ/X˜Λ ' Ω1Q. Hence (D2i · D2j ) = deg c2(Ω1Q) = 4. On the other
hand,
(D2i ·D2j ) = 2(Di, Dj)2 + (Di, Di)(Dj , Dj) = 2(Di, Dj)2 + 4α2.
The only integer solutions are α = ±1 and (Di, Dj) = 0. The signature of
the BB form on H1,1(X˜Λ) is (1, 21), hence α = −1 and (Di, Di) = −2 for
all i. 
8.4. Lattice polarization on F (CΛ). We use the notation from Section 7.
Besides the hyperplane class σ1, F has ten divisor classes Φ(Pj). Each of
them is represented by the 3-dimensional family of lines Ej in F meeting Λj .
As in [42], we consider the projection Φ : C 99K P2 with center Λj for some
fixed j. After blowing up Λj , we obtain a regular map Φ˜ : C˜ 99K P2 which is
a quadric bundle over P2 with discriminant curve Cj of degree 6. If C does
not contain planes meeting Λj in a line, then all the fibers = Φ˜
−1(x) = Qx
(x ∈ P2) are of rank > 2, so that for every x ∈ P2 \ Ci the quadric Qx
contains two P1-families of lines, say P1x, P1′x , and for every x ∈ Ci, there is
a single P1-family of lines P1x in Qx. Thus Ei represents a P1 bundle over a
(possibly singular) K3 surface Ti, which is a double cover of P2 ramified in
Ci.
Lemma 8.6. In the above notation, F = F (CΛ) is an irreducible symplectic
4-fold, deformation equivalent to the Hilbert square of a K3 surface, and the
BB form on the elements σ1, E1, . . . , E10 is given by the matrix
A =

6 2 2 . . . 2
2 −2 0 . . . 0
...
. . .
...
2 0 0 . . . −2
 ,
Proof. The first assertion is proved in [3]. This identifies the BB lattice of
F as LK3⊕Zδ, where LK3 is the second cohomology lattice of a K3 surface,
and (δ, δ) = −2. The authors of [3] show that σ1 = 2f − 5δ with f ∈ LK3,
(f, f) = 14, which implies (σ1, σ1) = 6. One can also use Schubert calculus
to directly check that σ41 = 108 and apply the Beauville–Fujiki relation (8.1).
To determine (σ1, Ej), we will compute the quadruple intersection
(σ31 · Ej). We have σ31 = 2σ21 + σ3, where we use the same symbols to
denote Schubert cycles on G(2, 6) and their restrictions to F ⊂ G(2, 6). Ob-
serve that H3,3(F (C)) ∩ H6(F (C),Q) is 1-dimensional for a generic cubic
4-fold C. This and the fact that σ21, σ3 are locally constant in the families
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of varieties F (C) imply that they remain proportional over Q on any one
of the varieties F (C). Intersecting σ21, σ3 with σ1, we obtain the relation
σ21 =
5
2σ3. Hence (σ
3
1 · Ej) = 6(σ3 · Ej).
The class σ3 ∈ H6(F (C),Z) is represented by the variety σ3(P1) of lines
contained in CΛ and meeting a generic line P1 ⊂ P5. Thus (σ3 · Ej) equals
the number of lines in CΛ meeting both P1 and Λj . All the lines meeting
Λj belong to one of the quadrics Qx. Those of them which meet P1 pass
through one of the three points x1, x2, x3 of the intersection P1 ∩ CΛ. There
are two lines in Qxi through xi, hence (σ3 · Ej) = 6 and (σ31 · Ej) = 36. By
(8.1), (σ1, Ej) = ±2. The sign is plus, as σ1 is ample and Ej is effective.
It remains to prove that (Ei, Ej) = −2δij . This can be done in a way
completely similar to the proof of the orthogonality of Di in the previous
lemma. Indeed, the intersection Ei ∩Ej for i 6= j is formed by the elements
of one family P1x of lines in the quadrics Qx, where x runs through the line
` = Φ(Λi) ⊂ P2. The family P1x is distinguished by the fact that the lines
from it meet the line Qx ∩ Λi. Thus Ei ∩ Ej is a minimal rational ruled
surface (in fact, it is F1), and E2i · E2j = 4. The end of the proof is exactly
as in the proof of Lemma 8.5.
Alternatively, one can deduce the BB form on the classes Ej from the
fact that Abel-Jacobi map H4(C,Z)0 → H2(F,Z)0(−1) is an isometry. This
implies that the BB form on the classes σ1 − 3E1, E1 − E2, . . . , E9 − E10,
orthogonal to σ1, coincides with the intersection pairing on the classes h−
3D1, D1 −D2, . . . , D9 −D10, taken with minus sign. 
Proposition 8.7. For generic Λ ∈ G10En, F (CΛ) 6' X˜Λ.
Proof. Indeed, their BB forms are non-equivalent as they have different dis-
criminants: 211 for Z1,10(2) and 13 · 211 for the matrix A from Lemma
8.6. 
Remark 8.8. As follows from Appendix 9.2, we can degenerate X to a Coble
surface in such a way that F (CΛ), XΛ behave quite differently. When X
is the icosahedral Coble surface embedded by plane decimics with 10 triple
points, CΛ is the determinantal cubic ∆, that is the tangent developable of
the Veronese surface V4 in P5, and XΛ is this cubic doubled.
The Fano scheme of the determinantal cubic ∆ is the union of two com-
ponents. The first one is isomorphic to the Hilbert square V
[2]
4 ' (P2)[2],
parametrizing the secant lines of V4. It is isomorphic to the blow-up of the
secant variety of V4 along V4. The second one is the family of lines con-
tained in the tangent planes to V4. It is isomorphic to the product P2×P2∗.
Indeed, if we interpret the projective space P5 as the linear system of con-
ics in P2, so that V4 parametrizes the double lines, then ∆ is the locus of
reducible conics. The lines of P5 contained in the tangent planes to V4 are
the pencils of reducible conics of the form ` + σ(p), where ` is a fixed line
in P2 and σ(p) is the pencil of lines in P2 passing through a fixed point p.
The pair (p, `) that determines such a pencil runs over P2 × P2∗. The two
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components intersect along a 3-dimensional variety which can be identified
with the exceptional divisor of the Chow map (P2)[2] → (P2)(2) in the first
component and with the projectivization of the tangent bundle of P2 in the
second component.
The reducible Fano variety is an example of a “constructible” holomor-
phically symplectic variety; it is interesting to obtain more such examples
in the spirit of Kulikov-Morrison-Pinkham semistable degenerations of K3
surfaces.
9. Appendix: numerical experiments with tens of planes
All the computations described in this Appendix were realized in the
computer algebra system Macaulay2 [21] over one of the base fields Fp, Q
or their finite extensions. None of the computations was approximate, only
exact arithmetic operations were used.
9.1. Enriques surface obtained as the singular locus of a quartic
symmetroid in P5. We consider the Cayley model of an Enriques surface
S given by a symmetric 4 × 4-matrix A with linear forms in 6 variables
x0, . . . , x5 as its entries. We refer to section 4.3 for the description of the
20 planes in P5 spanned by the twenty cubic curves on S. We computed
several examples, in which A is defined over a prime field Fp. Usually the
twenty planes Λk (k ∈ {±1, . . . ,±10}) are not defined over the same field.
We found most convenient the symmetric case when they split in two Galois
orbits of length 10 over Fp, that is when the Λk are defined over Fp10 . Here
is one such example, for which we realized the computations described in
the sequel: p = 17 and A = (aij), where
a11 = −6x0 + 4x1 + 5x2 + 8x3 + 4x4
a12 = 2x0 + x1 + x2 + 8x3 − 6x4 − 5x5
a13 = 8x0 − 8x1 − x2 − 5x3 − 2x4
a14 = −5x0 − 2x1 − 7x2 − 3x3 − 8x4
a22 = x0 + 7x1 − 2x2 − 6x3 − x4 − 5x5
a23 = −6x0 + 3x1 − x2 + x3 − 2x4 − 6x5
a24 = 6x0 + 4x1 + 4x2 + 2x3 − x4 + 2x5
a33 = x0 + 2x1 − 7x2 − 2x3 − 4x4 − 7x5
a34 = −x0 + 3x1 − 6x2 + 8x3 + 6x5
a44 = 6x0 + 2x1 − 8x3 + 2x4 + x5
To determine the twenty planes Λk corresponding to these data, we use
the interpretation of the Fano model S as the locus in P(L⊥) of reducible
quadrics in P3 = P(V4) (see Proposition 4.8), so that the union of trisecants
to S is the quartic hypersurface D4 in P(L⊥) parametrizing singular quadrics.
The variables xi above are the coordinates on P(L⊥). The planes Λk are
the spans of 20 cubic curves contained in S, hence they are swept by the
trisecants and are contained in D4. Passing to the incidence correspondence
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D˜4 in (4.7), we see that the image P of the planes contained in D4 under
the first projection pr1 to P(V ∨4 ) is the locus of 20 reducible quadrics in
P(L⊥). It can be determined by means of linear algebra as follows: A
defines a web of linear maps L⊥ → V4 parametrized by P(V4), and P is the
rank ≤ 3 degeneracy locus of this web. This is the departure point of the
computation. The ideal IP of P is computed as that of order 4 minors of a
6×4 matrix of linear forms on P(V4) constructed from A. It turns out that
IP is of colength 20, that it splits into two primes P
+, P− of degree 10 each
over Fp, and that over Fp10 it defines 20 distinct points: P+ = {q1, . . . , q10},
P− = {q−1, . . . , q−10}. A verification of the incidence relations between the
planes Λk lying over qk shows that Λ1, . . . ,Λ10 is a Lagrangian ten.
We verified the following properties:
Fact 9.1.1. Let D be the quartic polynomial in xi defining D4. The Cay-
ley model S is defined, scheme theoretically, by the 6 cubic polynomials
∂D/∂x0, . . . , ∂D/∂x5. The ideal, generated by the 6 cubics, is not satu-
rated, and its saturate IS is generated by 10 cubics. The ideal IS has a
minimal resolution (4.8) of the same type as the minimal resolution of the
ideal of the singular locus of the universal quartic symmetroid in P9.
Fact 9.1.2. Let K = Fp, L = Fp10, V = K6, VL = L6, P5 = P(V ). Let
vk denote the 3-vectors in
∧3 VL representing the Plu¨cker images of Λk in
G(3, 6) = G(3, VL) ⊂ P(
∧3 VL). Then the 3-vectors v1, . . . , v10 are linearly
independent and generate a Lagrangian 10-dimensional subspace A of
∧3 VL,
defined over K.
Fact 9.1.3. There is a unique, up to proportionality, cubic F0 ∈ S3V ∨
vanishing on Λ1, . . . ,Λ10. This cubic is nonsingular and is transversal to
the Enriques surface S. The scheme-theoretic intersection F0 ∩ S is the
union of ten plane cubic curves Ci = Λi ∩ S, i = 1, . . . , 10.
Fact 9.1.4. There are 45 distinct intersection points pij = Λi∩Λj, and there
are 11 linearly independent cubics F0, . . . , F10 vanishing on the 45 points.
We can choose them in such a way that F0 is the cubic from the previous
fact. The common zero locus of the 11 cubics is the union of 10 plane cubic
curves Ci (i = 1, . . . , 10).
Fact 9.1.5. The scheme-theoretic base locus of a generic linear subsystem
P9 of cubics in the linear system P10 = 〈F0, . . . , F10〉 is
⋃10
i=1Ci. There
are exactly 11 subsystems P9i (i = 0, . . . , 10) of cubics with base locus of
dimension 2. For ten of them, say, P9i (i = 1, . . . , 10), the base locus is
Λi ∪
⋃
j 6=iCj. The eleventh, P90, is the degree 3 part IS,3 of IS, and its base
locus is S.
Next we picked up a random point pi ∈ Λi \ Ci for each i = 1, . . . , 10.
Since every cubic from IS,3 vanishes on the ten cubic curves Ci ⊂ Λi, a cubic
F ∈ IS,3 vanishes on Λi if an only if it vanishes at pi. We have additionally
verified the following.
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Fact 9.1.6. The ten conditions F (pj) = 0 (j = 1, . . . , 10) for F ∈ IS,3
are linearly independent, which is equivalent to the non-existence of a cubic
vanishing on S ∪⋃10i=1 Λi.
We are using this observation to specify a choice of a particular basis
of 〈F0, . . . , F10〉 which will be used in the next facts: leave F0 unchanged,
and choose for Fi a cubic vanishing identically on S and on 9 planes Λj
(j = 1, . . . , 10, j 6= i), but not vanishing on Λi. With this choice, we have:
Fact 9.1.7. There are 210 =
(
10
3
)
other Enriques surfaces constructed from
the cubics Fi as follows. For each triple i, j, k such that 1 ≤ i < j < k ≤ 10,
the intersection Xijk = {Fi = Fj = Fk = 0} is a surface of degree 27 which
decomposes as S ∪ Sijk ∪
⋃
m 6∈{i,j,k}
Λm. The component Sijk is an Enriques
surface, different from S. The incidences of components of Xijk can be
described as follows. Set (ijk) = (123), X = Xijk, S
′ = Sijk to simplify the
notation.
(a) Double curves:
(1) B, a genus 4 curve of degree 9, the dimension 1 component of the
intersection S ∩ S′. The latter intersection is not pure and, besides
B, contains 21 isolated points pij (4 ≤ i < j ≤ 10).
(2) Ci = S ∩ Λi, 7 plane cubics (i = 4, . . . , 10).
(3) C ′i = S
′ ∩ Λi, 7 plane cubics (i = 4, . . . , 10).
(b) The intersection points of double curves:
(1) 21 triple points Qi1, Qi2, Qi3 ∈ Ci ∩ C ′i ∩B (i = 4, . . . , 10);
(2) 21 quadruple points pij = Ci ∩ C ′i ∩ Cj ∩ C ′j (4 ≤ i < j ≤ 10).
For each i, Ci and C
′
i are two plane cubics in one plane Λi, and their
nine intersection points are Qi1, Qi2, Qi3 and {pij}j∈{4,...,10}\{i}.
“Triple” and “quadruple” in (b) also refers to the number of surface com-
ponents meeting at these points: the three components meeting at Qik are
S, S′,Λi, and the four components meeting at pij are S, S′,Λi,Λj . The local
structure of X at a n-uple point (n = 3, 4) is the same as that of a n-gonal
pyramid spanning Ln near its vertex. The intersections are quasi-transversal
in the following sense: the sequence of sheaves
0 −→ OX −→ OS ⊕OS′ ⊕
10⊕
i=4
OΛi α−→ OB ⊕
10⊕
i=4
(OCi ⊕OC′i)
β−→
−→
10⊕
i=4
OCi∩C′i∩B ⊕
⊕
4≤i<j≤10
Lpij −→ 0.
is exact, where, on each 1-dimensional stratum, α is the difference of restric-
tions from two two-dimensional components meeting along this stratum, and
on each n-uple point (n = 3, 4), β is the sum of restrictions from n curves
meeting at this point.
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For the sake of completeness, we will also mention the intersections of S′
with Λ1,Λ2,Λ3: S
′ meets Λi (i = 1, 2, 3) in two points of Ci, and the triple
intersections S′ ∩ Λi ∩ Λj (1 ≤ i ≤ 3, i < j ≤ 10) are empty.
Fact 9.1.8. The Eisenbud–Popescu–Walter sextic XA, where A ⊂
∧3 V is
introduced in Fact 9.1.2, satisfies all the properties listed in Conjecture 8.3
Next we will verify that the variety of tens of Lagrangian planes is smooth
and is of expected dimension 45 near the ten Λ1, . . . ,Λ10 considered in this
section. We use the notation from Section 6.2, where we represented each
Λi by a 3 × 3 matrix Ai of coordinates in the standard open cell of the
Grassmannian G(3, 6), so that Λi is spanned by the columns of the matrix(
I3
Ai
)
.
Fact 9.1.9. The elements of the matrices Ai representing the ten planes
Λi (i = 1, . . . , 10), associated to A as above, form 90 coordinates giving
an open chart of the space of tens of planes. The subvariety Σ of tens of
planes with nonempty pairwise intersections is given by 45 cubic equations
det(Xi−Xj) = 0 (1 ≤ i < j ≤ 10). Let (Yi)i=1,...,10 be a ten of 3×3 matrices
considered as a tangent vector to the 90-dimensional space of tens of planes
at the point A = (Ai)i=1,...,10. Then the linear system of 45 equations in
(6.3) defining the tangent space TAΣ,
Tr
(
(Ai −Aj)adj(Yi − Yj)
)
= 0, 1 ≤ i < j ≤ 10,
is of rank 45. Thus A is a smooth point of Σ and the local dimension of Σ
at A is 90− 45 = 45.
9.2. Tens of planes related to the Fano models of a nodal Coble
surface. Let C be a plane rational sextic with ten nodes δ = {pi}i=1,...,10.
It has two Fano models: the Reye model is the image of the embedding by
the linear system of septics with ten nodes on δ, and the Cayley model is
the image of the embedding by the linear system of decimics with ten triple
points on δ. The septics singular at all the points of δ form a 6-dimensional
linear system and embed the blowup P˜2 of P2 at δ into P5. The image is a
surface of degree 9. In order to keep the idea that the Reye model should
have degree 10, we may say that the Reye model is reducible and contains,
besides the above surface S9 of degree 9, the plane P2 defined as the span of
the image of C, which is a conic in S9. The Cayley model of P˜2 is singular,
as the map by decimics with triple points on δ blows down C to a singular
point.
First we have to produce a rational sextic with ten nodes. We find one in
the pencil of sextic invariants of the icosahedral group A5 in its irreducible
representation in SL(3,C). The sextics may be defined over Q, but then the
nodes are over Q[ε], ε = e2pii/5. We choose the same representation of A5 as
in [26] and [44, p.33] (or in [14, p.125], where one must put −1 in front of
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T , or change ε to ε2) given by the generators
S = (12345) =
1 0 00 ε4 0
0 0 ε
 , U = (14)(23) =
−1 0 00 0 −1
0 −1 0
 ,
T = (12)(34) = 1√
5
1 1 12 ε2 + ε3 ε+ ε4
2 ε+ ε4 ε2 + ε3
 .
The invariant ring is generated by the four polynomials hd of degrees d =
2, 6, 10, 15,
h2 = x
2 + yz, h6 = 8x
4yz − 2x2y2z2 + y3z3 − x(y5 + z5),
h10 =
∣∣∣∣∣∣∣∣∣∣
∂2h6
∂x2
∂2h6
∂x∂y
∂2h6
∂x∂z
∂h2
∂x
∂2h6
∂y∂x
∂2h6
∂y2
∂2h6
∂y∂z
∂h2
∂y
∂2h6
∂z∂x
∂2h6
∂z∂y
∂2h6
∂z2
∂h2
∂z
∂h2
∂x
∂h2
∂y
∂h2
∂z 0
∣∣∣∣∣∣∣∣∣∣
, h15 =
∣∣∣∣∣∣
∂h6
∂x
∂h2
∂x
∂h10
∂x
∂h6
∂y
∂h2
∂y
∂h10
∂y
∂h6
∂z
∂h2
∂z
∂h10
∂z
∣∣∣∣∣∣
subject to a single polynomial relation of weighted degree 30, which we do
not specify.
The pencil of invariant sextics Cλ = {h6 + λh32 = 0} contains exactly 4
singular members:
λ = 0: C0 has 6 nodes and is of genus 4.
λ = −1: C−1 is the union of 6 lines, polar to the 6 nodes of C0 w. r. t. h2.
λ = −3227 : C = Cλ is Winger’s rational sextic with ten nodes [43] (see also [14,
Section 7]).
λ =∞: C∞ is a triple conic.
We will realize constructions of tens of planes related to Fano models of
a Coble surface starting from Winger’s sextic C = {f = 0}, where
f = 32h32 − 27h6 = 32x6 + 27xy5 − 120x4yz + 150x2y2z2 + 5y3z3 + 27xz5.
The following facts were verified through symbolic computations with
Macaulay2.
Fact 9.2.1. The vector space V of ternary septic forms f7(x, y, z) with
multpi f7 ≥ 2 for all i = 1, . . . , 10 is 6-dimensional.
Fact 9.2.2. For any i = 1, . . . , 10, we have h0(P2, Iδ−pi(3)) = 1 and
h0(P2, Iδ+pi(4)) = 3. Let P2i ⊂ P(V ) = P5 be the projectivized image of
H0(P2, Iδ−pi(3))⊗H0(P2, Iδ+pi(4)) under the multiplication map. Then the
ten planes P2i ⊂ P5 satisfy the following conditions:
(a) P2i meets P2j at one point whenever i 6= j.
(b) The 3-vectors ωi ∈ ∧3V associated to the planes P2i are linearly inde-
pendent and span a Lagrangian subspace A of ∧3V .
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Fact 9.2.3. The ten planes P2i all belong to one ruling of planes on a non-
singular quadric in P5 The EPW sextic XA is nothing else but this quadric
with multiplicity three.
let us remark that one can construct these ten planes geometrically. For
each i, the quartics with singularity at pi passing through the remaining 9
points pj form a linear system P2, and when multiplied by the unique cubic
passing through the nine points pj (j 6= i), yield a plane P2i in the P5 of
10-nodal septics.
The configuration of planes P2i constructed in 9.2.2 lives in |7`−2δ|, whilst
the Reye model S9 is in |7`− 2δ|∗. Thus we need the dual configuration of
planes, which one obtains by applying annihilators: P2⊥i ⊂ |7`− 2δ|∗.
Geometrically, the planes P2⊥i can be constructed as follows. Let φ : P˜2 →
P5 be the embedding of the Coble surface by the linear system |7`− 2δ|, so
that P5 is naturally identified with |7` − 2δ|∗. As (7` − 2∑j ej) · (3` −∑
j 6=i ei) = 3, the images of the ten elliptic cubics qi ∈ |3`−
∑
j 6=i ei| under
φ are of degree 3. Hence they are plane curves, and P2⊥i = 〈φ(qi)〉.
From the computational point of view, the transfer to the dual configu-
ration consists in interpreting the coordinates of each element of a basis of
each plane P2i as the coefficients of one of the three equations of a new plane
in the dual space, and nothing changes in the properties of the configuration:
Fact 9.2.4. The planes P2⊥i ⊂ |7` − 2δ|∗ form a configuration of the same
type as the original planes P2i ⊂ |7`− 2δ|. In particular:
(a) P2⊥i meets P2⊥j at one point whenever i 6= j.
(b) The 3-vectors ω∗i ∈ ∧3V ∨ associated to the planes P2⊥i are linearly
independent and span a Lagrangian subspace A⊥ of ∧3V ∨.
Fact 9.2.5. The ten planes P2⊥i all belong to one ruling of planes on a
nonsingular quadric. The EPW sextic XA⊥ is nothing else but this quadric
with multiplicity three.
Fact 9.2.6. The vector space of cubics containing the 10 planes P2⊥i is 6-
dimensional and consists of linear forms times the fixed quadric defined in
Fact 9.2.5.
Now we turn to the Cayley model S10 of P˜2. We start with a configuration
of planes P2′i ⊂ | 10`− 3δ|, i = 1, . . . , 10, and the planes discussed in Section
5.2 are defined as their annihilators: Λi = P2′⊥i ⊂ | 10`− 3δ|∗.
Fact 9.2.7. The vector space V ′ of ternary decimic forms f10(x, y, z) with
multpi f10 ≥ 3 for all i = 1, . . . , 10 is 6-dimensional.
Fact 9.2.8. The statement of Fact 9.2.2 holds upon replacement of Iδ+pi(4)
by I2δ+pi(7). In the sequel, we will denote by P2′i the projectivized image
of H0(P2, Iδ−pi(3)) ⊗ H0(P2, I2δ+pi(7)) in P(V ′) and by A′ the associated
10-dimensional Lagrangian subspace in ∧3V ′.
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Fact 9.2.9. The ten planes P2′i lie on a unique cubic hypersurface in P5.
The EPW sextic XA′ is nothing else but this cubic with multiplicity two.
Fact 9.2.10. The cubic in Fact 9.2.9 can be identified, via a linear change
of variables, with the symmetric determinantal cubic C, which is the secant
variety of the Veronese surface F ⊂ P5. Under this identification, the planes
P2′i meet F along conics that are images of lines in P2 via the Veronese map
P2 → F . Thus the 9 points of intersection of P2′i with the remaining planes
P2′j lie on the conic P2′i ∩F , and the number of linearly independent cubics in
P2′i passing through these 9 points is equal to 3. This implies, in particular,
that the 45 intersection points of the ten planes P2′i fail to impose independent
conditions on the cubics in P5 passing through them.
The next two properties are stated for the dual configuration (Λi) in
|10`− 3δ|∗.
Fact 9.2.11. As the planes P2′i are contained in the chordal cubic C of
the Veronese surface F , their annihilators Λi = P2′⊥i are contained in the
dual cubic C∗, which is the chordal variety of the dual Veronese surface F ∗.
Moreover, as P2′i meet F in conics that are images of lines `i in P2, the Λi are
tangent to F ∗ at the points `⊥i ∈ P2∗. The 3-vectors ω∗i ∈ ∧3V ′∗ associated
to the planes Λi are linearly independent and span the Lagrangian subspace
A′⊥ of ∧3V ′∗, and the EPW sextic XA′⊥ is the cubic C∗ squared.
Fact 9.2.12. The 45 intersection points Λi∩Λj (i 6= j) impose independent
linear conditions on cubics, so that there is an 11-dimensional linear system
of cubics in P5 through these points. The analogues of Facts 9.1.3 and 9.1.4
hold with the Enriques surface S replaced by the Cayley model S10 of the
Coble surface considered in this section.
9.3. Ten planes in three hyperplanes. Our objective in this section is
to construct some configuration of 10 planes in P5, such that any two planes
intersect and the associated 3-vectors are linearly independent, out of some
set of data, easier than a Fano model of an Enriques surface. We construct
an explicit configuration of ten planes “of type 3-3-3-1”; as follows from
9.3.5, this can be seen as the case of a degenerate Enriques surface which
decomposes into three quadrics and 4 planes.
The ten planes of the 3-3-3-1 configuration we are going to construct are
divided into three triples, each contained in a hyperplane P4i ⊂ P5 (i =
0, 1, 2), and the tenth plane is the intersection P2012 := P40 ∩ P41 ∩ P42. We
will fix a basis (el) in the vector space V = k
6 defining P5 = P(V ) so
that P2012 = 〈e0, e1, e2〉 and P4k = 〈e0, e1, e2, e3+i, e3+j〉, where (ijk) is a
permutation of (012). We will also denote P3i = P4j ∩ P4k = 〈e0, e1, e2, e3+i〉.
The construction goes as follows.
(a) Start with three nonsingular conics Ci ⊂ P2012 with 12 distinct in-
tersection points. Choose in each 4-point intersection Ci ∩ Cj a subset
Ek = {qkm}m=0,1,2 of three points ((ijk) is a permutation of (012)). Get 9
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points in P2012 which will turn out to be the points of intersection of P2012
with the other 9 planes of our configuration.
(b) Extend each conic Ci to a smooth quadric Qi in P3i . Given a permuta-
tion (ijk) of (012), choose three rectilinear generators `ijm from one ruling
of Qi passing through the three points qkm ∈ Ek (m = 0, 1, 2). This is done
in such a way that the lines `ijm and `ikm belong to different rulings, so that
they meet at a point pim ∈ Qi.
(c) Get 9 planes Πkm = 〈pim, pjm, qkm〉.
This a configuration with wanted properties. Indeed, any Πkm meets
Πjm at pim and meets P2012 at qkm. Two planes Πkm, Πkm′ with the same
subscript k meet, because they are in the same P4 = P4k.
To construct such a configuration, one has to solve some algebraic equa-
tions. So, if the conics Ci are defined over k, then the points qkm may be
defined over an extension of degree 2,3 or 6 of k, and the search of the rec-
tilinear generators of quadrics in (b) may again increase the degree of the
field by the factor of 2. To reduce the volume of computation, we searched
for the initial data with the conics Ci and the points qkm both defined over
a smallest possible field Fp. The smallest value of p for which we detected
such solutions is p = 29. Here is one of them:
C0 = x
2
0 − 7x0x2 − 12x1x2
C1 = −4x0x1 + 9x21 − 5x0x2 − 10x1x2
C2 = 6x0x1 − 14x0x2 + 10x1x2 + x22
C1 ∩ C2 = {(1, 0, 0), (1, 10,−7), (1, 11,−1), (1, 5, 9)}
C2 ∩ C0 = {(0, 1, 0), (1, 5, 13), (1, 10, 8), (1,−1,−6)}
C0 ∩ C1 = {(0, 0, 1), (1, 6,−11), (1,−11,−13), (1,−4, 12)}
The computations reported below have been done for these three conics and
Ek = Ci∩Cjr〈ek〉. The resulting planes Πkm are defined over the quadratic
extension Fp2 of Fp.
Fact 9.3.1. The 3-vectors λ1, . . . , λ10 ∈ ∧3V representing the 10 planes
Πl (l = 0, . . . , 9), where Πl = Πkm with l = 3k + m for l = 0, . . . , 8 and
Π9 = P2012, are linearly independent. Hence they generate a Lagrangian
10-dimensional subspace of ∧3V .
Fact 9.3.2. There is a unique, up to proportionality, cubic F0 ∈ S3V ∨
vanishing on the ten planes Πl (l = 0, . . . , 9) in P5, and this cubic is the
product of linear forms x3x4x5.
Fact 9.3.3. The ideal of S•V ∨ defining the 45 intersection points of the 10
planes Πl (l = 0, . . . , 9) is generated by forms of degrees ≥ 3 and contains 11
linearly independent forms of degree 3. These forms, denoted in the sequel
F0, . . . , F10, can be chosen in such a way that F0 = x3x4x5.
Fact 9.3.4. The scheme-theoretic zero locus of the 11 cubic forms
F0, . . . , F10 is the union of 10 cubic curves Bl ⊂ Πl (l = 0, . . . , 9).
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Fact 9.3.5. The scheme-theoretic base locus of a generic linear susbsystem
P9 of cubics in the linear system P10 = 〈F0, . . . , F10〉 is
⋃10
l=1Bl. There
are subsystems P9 of cubics with 2-dimensional base locus. There is exactly
one such P9 not containing the point [F0]. The base locus of this P9 is a
“degenerate” Enriques surface E. Its Hilbert polynomial is that of the Fano
model of an Enriques surface, but it is reducible. The irreducible components
of E are 4 planes and 3 nonsingular quadric surfaces. One of the 4 planes is
P2012. The three quadric surfaces are nothing else but the above Q1, Q2, Q3,
and the intersections Qi ∩ P2012 = Ci are the above conics from which starts
the whole construction (i = 1, 2, 3). The remaining three components of E
are planes H1, H2, H3 which are not among the ten planes Πl. The plane
Hi meets P2012 at one point [ei] ∈ Cj ∩ Ck, meets each of the quadrics Qj,
Qk along a line passing through [ei], and does not meet Qi (here (i, j, k) is
a permutation of (1, 2, 3)). The intersections of the Hi between them are
of length one. Two quadrics Qj , Qk meet in 4 points of intersection of the
conics Cj , Ck.
Fact 9.3.6. Let A be the Lagrangian subspace spanned by the 3-vectors
λ1, . . . , λ10 ∈ ∧3V representing the 10 planes Πl (l = 0, . . . , 9). Then the
EPW sextic XA is ireducible and is not a linear combination of the products
FaFb (0 ≤ a ≤ b ≤ 10).
Fact 9.3.7. Let R be the singular locus of XA. Then the Hilbert polynomial
of R is 53P2 − 198P1 + 322P0, in particular, it is a surface of degree 53
(possibly with other lower-dimensional components and/or embedded points).
The following are some of the irreducible components of R:
(1) The 10 planes Πl with multiplicity 1.
(2) The three quadric surfaces Qi with multiplicity 1.
(3) An irreducible surface S of degree 16 not contained in any of coor-
dinate hyperplanes with Hilbert polynomial 16P2 − 24P1 − 9P0. The
ideal of S is generated by 15 quartics.
(4) Each hyperplane xi = 0 (i = 3, 4, 5) contains 2-dimensional irre-
ducible components of R whose degrees sum up to 15. The compo-
nents enumerated above provide the degree only up to 8 (two quadrics
and 4 planes in each hyperplane xi = 0), so there are other compo-
nents of R in xi = 0 with the sum of degrees equal to 7.
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